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ABSTRACT

Shannon’s channel coding theorem characterizes the max-
imal rate of information that can be reliably transmitted
over a communication channel when optimal encoding and
decoding strategies are used. In many scenarios, however,
practical considerations such as channel uncertainty and
implementation constraints rule out the use of an optimal
decoder. The mismatched decoding problem addresses such
scenarios by considering the case that the decoder cannot
be optimized, but is instead fixed as part of the problem
statement. This problem is not only of direct interest in
its own right, but also has close connections with other
long-standing theoretical problems in information theory.

In this monograph, we survey both classical literature and
recent developments on the mismatched decoding problem,
with an emphasis on achievable random-coding rates for
memoryless channels. We present two widely-considered

Jonathan Scarlett, Albert Guillén i Fàbregas, Anelia Somekh-Baruch and Alfonso
Martinez (2020), “Information-Theoretic Foundations of Mismatched Decoding”,
Foundations and TrendsR© in Communications and Information Theory: Vol. 17, No.
2–3, pp 149–401. DOI: 10.1561/0100000101.
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2

achievable rates known as the generalized mutual informa-
tion (GMI) and the LM rate, and overview their derivations
and properties. In addition, we survey several improved rates
via multi-user coding techniques, as well as recent develop-
ments and challenges in establishing upper bounds on the
mismatch capacity, and an analogous mismatched encoding
problem in rate-distortion theory. Throughout the mono-
graph, we highlight a variety of applications and connections
with other prominent information theory problems.
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Notation

(Introduced in Section 1)

X , Y Input and output alphabets
m, m̂ Message and its estimate
M Number of codewords
n Block length
R Coding rate

W , Wn Channel transition law and its n-letter extension
q, qn Decoding metric and its n-letter extension
C Codebook

x(m) m-th codeword
pe Average error probability

pe,max Maximal error probability
Cm Mismatch capacity
C Matched capacity

(Introduced in Section 2)

H2 Binary entropy function
X, Y Transmitted codeword and received sequence

X Non-transmitted codeword
PX Codeword distribution for random coding
P̂x Empirical distribution of x

Igmi, Ilm Generalized mutual information (GMI) and LM rate
Cgmi, Clm Rates with optimized input distributions
QX Input distribution
P Set of all distributions on a given alphabet
Pn Set of all empirical distributions on a given alphabet
P̃XY Auxiliary distribution in primal rates
s, a Auxiliary parameters in dual rates
b Auxiliary function on the output alphabet
T n Type class
QX,n Type approximating QX
pe Random-coding error probability
ins Information density quantity used in proofs

C
(k)
gmi , C

(k)
lm Multi-letter achievable rates

C
(∞)
gmi , C

(∞)
lm Limiting multi-letter achievable rates

3
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4 Notation

(Introduced in Section 3)

c, Γ System cost function and threshold
a, al Auxiliary cost functions

cn, an, anl Additive multi-letter extensions of cost functions
φc, φa, φl Means of cost functions

Ωn Normalizing constant for cost-constrained ensemble
Dn Constraint set for cost-constrained ensemble
I ′lm Fixed-cost LM rate
rl, rl Auxiliary parameters for cost-constrained ensemble
L Number of auxiliary costs

µ, σ2 Noise mean and variance in additive channels

(Introduced in Section 4)

ΠX , ΠnX Source distribution and n-letter extension
x̂(m) Codeword in rate-distortion theory
d0, d1 Encoding metric and true distortion measure
dn0 , dn1 Additive n-letter extensions of distortion functions
D1, D∗1 Distortion threshold and distortion-rate function
Q
X̂

Auxiliary distribution in rate-distortion theory
D1, D(k)

1 Achievable distortion and multi-letter version
P̃ Constraint set in achievable distortion expression
d, D Distortion measure and level when d0 = d1

R∗Matched, D∗Matched Matched rate-distortion function and distortion-rate function
Dmin, Dprod Extreme values of distortion level
Riid, Rcc Random coding rate-distortion functions

σ2 Source variance

(Introduced in Section 5)

M1, M2 Multiple-access channel codebook sizes
R1, R2 Multiple-access channel rates
Q1, Q2 Multiple-access channel input distributions

PX1 , PX2 Multiple-access channel codeword distributions

(Introduced in Section 6)

M0, M1, {M1u} Superposition coding codebook sizes
R0, R1, {R1u} Superposition coding rates

{nu} Refined superposition coding sub-block lengths
QUX Superposition coding input distribution
PUX Superposition coding codeword distribution
U Auxiliary alphabet for superposition coding
U Auxiliary codeword for superposition coding

pe,ν , pe,ν Multi-user coding error probabilities
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5

(Introduced in Section 7)

Eiid
r , Eiid

0 i.i.d. exponent and Gallager function
Ecc

r , Ecc
0 Constant-composition exponent and Gallager function

Ecost
r , Ecost

0 Cost-constrained exponent and Gallager function
Ecc

ex, Ecc
x Constant-composition expurgated exponent and Gallager function

ρ Dual error exponent parameter
Eck Csiszár-Körner exponent
Ergv Random Gilbert-Varshamov exponent
d, ∆ RGV distance function and parameter

(Introduced in Section 8)

εk Error probability with block length k
ηk Minimal difference of k-letter log-metric values
qmax Maximal metric value

qkmax(yk) Maximal metric value for fixed output sequence
B Upper bound on | log q(x, y)|
Ak Output vectors with a unique metric maximizer
Φk Conditional probability of random codeword exceeding metric value
X ∗q Set of inputs with maximal metric difference

Mmax,Mmax,n Set of maximal conditional joint distributions and type-based variant
R Single-letter mismatch capacity upper bound
Gx Bipartite graph associated with two channels
Ex Edge set associated with two channels
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