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Abstract

This monograph surveys the interactions between information mea-
sures and estimation measures as well as their applications. The em-
phasis is on formulas that express the major information measures,
such as entropy, mutual information and relative entropy in terms of
the minimum mean square error achievable when estimating random
variables contaminated by Gaussian noise. These relationships lead to
wide applications ranging from a universal relationship in continuous-
time nonlinear filtering to optimal power allocation in communication
systems, to the simplified proofs of important results in information
theory such as the entropy power inequality and converses in multiuser
information theory.

D. Guo, S. Shamai, S. Verda. The Interplay Between Information and Estimation
Measures. Foundations and Trends® in Signal Processing, vol. 6, no. 4,
pp- 243-429, 2012.

DOI: 10.1561/2000000018.
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1

Introduction

If information theory and estimation theory are thought of as two sci-
entific languages, then their key vocabularies are information measures
and estimation measures, respectively. The basic information mea-
sures are entropy, mutual information and relative entropy. Among the
most important estimation measures are mean square error (MSE) and
Fisher information. Playing a paramount role in information theory
and estimation theory, those measures are akin to mass, force and ve-
locity in classical mechanics, or energy, entropy and temperature in
thermodynamics.

The theory about how to and how well one can estimate an un-
known quantity based on related observations has taken shape over
the course of several centuries with contributions from towering fig-
ures such as Bayes, Legendre, Gauss, Laplace, Bernoulli, and Fisher.
A rigorous foundation of the theory of probability and random pro-
cesses was built by Kolmogorov in the 1930s, which allowed parametric
estimation theory to assume full generality on a sound mathematical
footing. The estimation of analog signals in additive noise (see, e.g.,
Kotelnikov [98]) is a key step in statistics, signal processing, communi-
cations, control, economics and financial engineering. Shortly after the
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solution by Wiener and Kolmogorov of linear minimum mean square
estimators of wide-sense stationary random processes, 1948 saw the in-
ception of Shannon’s information theory with “A Mathematical Theory
of Communication" [155]. Among several problems, Shannon was con-
cerned with optimal ways of combatting noise, not only by estimation
techniques at the receiver but by the design of the information-carrying
signals sent by the transmitter. Shannon’s theorems for lossless com-
pression, transmission via noisy channels [155] and lossy source cod-
ing [157] characterize the best achievable rate in the limit of infinite
dimensions. As a branch of information theory, coding theory studies
how to approach the fundamental limits using practical algorithms,
many of which involve optimal or near-optimal signal estimation.

Under several important probabilistic models, some surprisingly
simple formulas have been found to connect basic information mea-
sures and estimation measures. These relations are the subject of this
monograph. An early example, dating back to 1959, is de Bruijn’s iden-
tity, which states that the derivative (with respect to the noise standard
deviation) of the differential entropy of a Gaussian noise contaminated
random variable is equal to the Fisher information of the variable. In
2004, the authors of this monograph found a general differential re-
lationship commonly referred to as the [-MMSE formula. Let X be
an arbitrary scalar real-valued random variable and N be a standard
Gaussian (aka standard normal) random variable independent of X.
The I-MMSE formula states that, for every s > 0, the input—output
mutual information of a scalar Gaussian model with signal-to-noise ra-
tio (SNR) gain s can be expressed as:!

I(X;\/EX—FN):;/Osmmse(X]\f’yX—i-N)d’y (1.1)

where mmse (X VY X+N ) stands for the minimum mean square error
(MMSE) of estimating X using the noisy observation /7 X + N. As
a consequence of (1.1), if X takes its values in a discrete real number

In general, the unit of the information measures depends on the base of the
logarithm with which they are defined—called bits if the base is 2, or nats if the
base is e. For convenience, we adopt natural logarithms and use nats as the unit of
all information measures throughout this monograph.
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4 Introduction

set, then
1 o0
H(X) = 5/ mmse (X|y/7 X + N) dy. (1.2)
0

Such formulas have proven useful for establishing important results,
such as the entropy power inequality and capacity bounds for certain
multiuser channels.

The simplicity of (1.1), (1.2) and many other related formulas to
be introduced in later chapters is remarkable and intriguing. The link
between estimation theory and information theory that underlies such
results is the likelihood function. In particular, optimal estimation of-
ten involves a test or optimization of certain likelihoods or likelihood
ratios. Entropy, mutual information and relative entropy are expressed
as the expectations of certain log-likelihoods or log-likelihood ratios.
The information measures find operational meaning as the answers to
problems such as the maximum number of distinguishable messages
through a communication system or the minimum number of code-
words required for encoding a source within a certain distortion, as-
suming essentially optimal estimation or reconstruction.

The goals of this monograph are to provide a handbook of known
formulas which directly relate information measures and estimation
measures, to provide intuition and draw connections between these
formulas, to highlight some important applications, and to motivate
further explorations. Our main focus is on such formulas in the context
of the additive Gaussian noise model, with lesser treatment of others
such as the Poisson point process channel. Also included are a number
of new results which are published here for the first time. We provide
proofs of some basic results, whereas many more technical proofs al-
ready available in the literature are omitted. A new, complete proof for
the I-MMSE formula (1.1) is developed, which includes some technical
details omitted in the original papers. It is our hope that collecting
many related results and elucidating their relationships will facilitate
in-depth understanding and further applications.
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