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Abstract

In the arts and sciences, as well as in our daily lives, symmetry has
made a profound and lasting impact. Likewise, a computational treat-
ment of symmetry and group theory (the ultimate mathematical for-
malization of symmetry) has the potential to play an important role
in computational sciences. Though the term computational symmetry
was formally defined a decade ago by the first author, referring to algo-
rithmic treatment of symmetries, seeking symmetry from digital data
has been attempted for over four decades. Computational symmetry on
real world data turns out to be challenging enough that, after decades
of effort, a fully automated symmetry—savvy system remains elusive for
real world applications. The recent resurging interests in computational
symmetry for computer vision and computer graphics applications have
shown promising results. Recognizing the fundamental relevance and
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potential power that computational symmetry affords, we offer this
survey to the computer vision and computer graphics communities.
This survey provides a succinct summary of the relevant mathemati-
cal theory, a historic perspective of some important symmetry-related
ideas, a partial yet timely report on the state of the arts symmetry
detection algorithms along with its first quantitative benchmark, a
diverse set of real world applications, suggestions for future directions
and a comprehensive reference list.
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Introduction

Symmetry is a pervasive phenomenon presenting itself in all forms and
scales in natural and man-made environments, from galaxies to biolog-
ical structures (Figure , as well as in the arts (Figure from the
classic book by Jones [106]). Much of our understanding of the world
is based on the perception and recognition of repeated patterns that
are generalized by the mathematical concept of symmetries [47), 277].
Humans and animals have an innate ability to perceive and take advan-
tage of symmetry in everyday life, but harnessing this powerful insight
for machine intelligence remains an elusive goal for computer science.

In the basic sciences, the understanding of symmetry played a pro-
found role in several important discoveries, including: the theory of rela-
tivity (the discovery of the isometries of Minkowski spacetime under the
Poincaré group, the full symmetry group) [195]; the double helix struc-
ture of DNA (with two-fold rotation symmetry) [275]; the discovery
of quasi-crystals (the first observation of an unusual fivefold symmetry
indicated by diffraction pictures of samples from an alloy of aluminium
and manganese) [247] and their mathematical counterpart Penrose tiles
[209]. It is not a coincidence that all of these symmetry-related discov-
eries led, directly or indirectly, to Nobel prizes — an indication of the
fundamental relevance of symmetry in science.

1
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Fig. 1.1 The ubiquitous appearance of real world symmetries in nature: from Nebula to the
firing field of grid cells in rats’ brains. The photos from four corners, and bottom-middle,
are courtesy of [182].

Given the evidence of the powerful role of symmetry in the history
of the natural sciences, we hypothesize that computational symmetry,
defined by the first author as using computers to model, analyze, syn-
thesize and manipulate symmetries in digital forms, imagery or other-
wise [152], will likewise play a crucial role in the advancement of our
understanding in artificial /machine intelligence.

In human perception, symmetry is considered a pre-attentive fea-
ture that enhances object recognition [40} 144, 268]. Although humans,
primates, dolphins, birds, and insects have an innate ability to recognize
and use real world symmetries that have been quantitatively docu-
mented [74),226], 268], the symmetry cue is hardly used in today’s object
recognition, categorization or scene understanding systems due, largely,
to a lack of computational models and available robust algorithms.

In computational science, the development of symmetry detection
algorithms has had a long history. The earliest attempt at an algo-
rithmic treatment of bilateral reflection symmetry detection predates
computer vision itself [18]. In spite of years of effort, we are still short of
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a robust, widely applicable “symmetry detector” for real images. Fur-
thermore, though an initial effort has been made [33], 203], we have yet
to see a large-scale, systematic, quantitative evaluation and a publicly
available test-image database to gauge the progress in this important,
widely applicable research direction.

Without attempting to cover all published related-work in this sur-
vey, we primarily focus on the theory and techniques that make explicit
use of symmetry groups. Due to a lack of coverage in the literature on
discrete finite and infinite symmetry groups and their relevance to and
impact on computer vision and computer graphics problems, we pay
special attention to these types of algorithms without excluding affine,
perspective, and non-Euclidan geometries. We hope to provide a clear
conceptual roadmap of group theory (Section , and its multi-facet
applications in computer vision and computer graphics. In particular,
we hope to achieve these goals:

(1) to de-mystify group theory, discrete and finitely generated
(infinite) groups in particular, using concrete examples from
2D and 3D Euclidean, projective and hyperbolic geometries;

(2) to illustrate the ubiquitous and persistent appearances of
symmetry structures, particularly those associated with dis-
crete symmetry groups, in real world data;

(3) to appreciate the substantial computational challenges as
well as promises in current and future computational sym-
metry research.

1.1 What is symmetry?

From the spirit of the Felix Klein’s Erlangen program [79]: geometry
is the study of a space that is invariant under a given transformation
group, to the Gestalt principles of perception [7]: among others, Laws
of Symmetry, symmetries and group theory play an important role in
describing the geometry and the apperance of an object. Informally,
we may think of symmetry as expressing the notion that a figure or
object is made from multiple copies of the same smaller unit that are
interchangeable somehow. Mathematically, we formalize this notion by
examining the effect of transformations on the object in a certain space
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such that its sub-parts coincide (map to each other). The following
quote from Weyl [277] captures the essence of symmetry eloquently:

“Starting from the somewhat vague notion of symme-
try = harmony of proportions, ...rise to the general
idea ... of invariance of a configuration of elements
under a group of automorphic transformations.”

More formally, in a metric space M, a symmetry g € G of a set
S C M is an isometry (a distance preserving transformation) that maps
S to itself (an automorphism), g(S) = S. The transformation g keeps S
invariant as a whole while permuting its parts. Symmetries G of .S form
a mathematical group {G,*}, closed under transformation composition
x, called the symmetry group of S [44].

Group theory provides a level of abstraction that leads to simplic-
ity and completeness in practical algorithm design and execution. In
two-dimensional (2D) Euclidean space, for example, there are four
distinct atomic transformations as primitive symmetries [41, [44], 277]:
translation, rotation, reflection and glide-reﬂectionﬂ (Figure [1.3)).
One somewhat surprising mathematical discovery of a century ago
is the answer to the first part of Hilbert’s 18th problem: there is
only a finite number of symmetry groups for all periodic patterns
in R™ of any n. These groups are referred to as crystallographic
groups [44], 84], 277). While the number of distinct 1D (frieze) and 2D
(wallpaper) crystallographic groups is finite and relatively small, there
is an infinite number of potential instantiations; some samples can be

observed in Figures and

1.2 Why is symmetry relevant to computational science?

A computational model for symmetry is especially pertinent to com-
puter vision and computer graphics, or machine intelligence in general,

L Glide-reflection is defined as a symmetry composed of a translation along and a reflection
about the same axis.



Full text available at: http://dx.doi.org/10.1561/0600000008

6 Introduction

(A) (B) (©) (D)

EE%QEE?&'}T&

;A &al&\-\u‘l&:m‘:&w:{:-

Artificial

g

=]

e}

1]

Z
Cyclic Symmetry  Dihedral Symmetry Frieze symmetry Wallpaper symmetry
Group (rotation) Group (rotation+ Group (translation Group_(translatlons

reflection) + reflection) + rotation +

Reflection +
glide-reflection)

Fig. 1.3 Sample images of symmetry categorized by their respective ideal symmetry groups:
column (A) cyclic group containing rotation symmetries only, (B) dihedral group (reflec-
tion and rotation), (C) frieze group (translation plus reflection), and (D) wallpaper group
(translation, rotation, reflection and glide-reflection). The top row contains synthetic pat-
terns while the bottom row shows photos of real world scenes (bottom-right is an image of a
transverse slice of skeletal muscle magnified with a transmitter microscope 800,000 times).

because of its

® ubiquitousness: both the physical and the digital worlds are
filled with various forms of symmetry, near-symmetry and
distorted symmetry patterns (Figures and . The
applicability of such a computational model can only be lim-
ited by one’s imagination;

® cssentiality: intelligent beings perceive and interact with the
chaotic real world in the most efficient and effective manner
by capturing its essential structures and sub-structures — the
generators of symmetry, near-symmetry, distorted symmetry
and/or repeated patterns;

® compactness: the recognition of symmetries is the first step
towards minimizing redundancy, often leading to drastic
reductions in computation; and
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® gestho-physiology: from a butterfly to an elephant, from a
tea cup to a building, symmetry or deviation from it, has
been a time-honored principle for design (by nature or by
human) that can guide machine perception, detection, recog-
nition and synthesis of the real world.

Since the earliest bilateral reflection symmetry detection algorithm
[18], attempts in computational treatment of symmetry and regular-
ity have been made continuously. Figure shows the statistics of
published paperﬂ in several major computer vision/graphics confer-
ences/journals during the period of 1974-2009 (36 years). An increasing
level of interests can be observed in both computer vision and computer
graphics.

1.3 Why is computational symmetry challenging?

Humans are experts in symmetry detection and appreciation [144) 268].
Our ability to recognize and tolerate departures from prefect symme-
tries reflects a level of sophistication in human perception. From an
engineering point of view, however, it remains unclear how to cap-
ture and simulate this perceptual capability of humans and animals
for machine/artifitial intelligence. From a theoretical point of view,
even though group theory itself (especially Euclidean group and its
subgroups) is a mature field, little formal theory exists connecting the
elegant group theory to the noisy, incomplete and often inconsistent
real world. From an educational point of view, group theory is usually
introduced in classrooms as an abstract theory instead of a theoretical
basis for algorithmic treatment of real world problems, such like those
in computer vision and computer graphics.

Regardless of how powerful computers have become, one fundamen-
tal limitation of computers is their finite representation power. One
simple floating point round-up error destroys any perfect symmetry in
the data. In addition, and perhaps more importantly, the non-coherent

2 A list of the papers counted for can be found here: http://www.cse.psu.edu/~yanxi/
symmetryCitation.htm.
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(B) Dividing papers into on reflection symmetry alone versus other types of symmetries
(rotation, translation and glide-reflection).

Fig. 1.4 From the publication statistics, it is obvious that research on reflection symmetry
has been dominating the field in the past, with a growing awareness of the whole symmetry
spectrum. A similar reflection-symmetry-dominating trend has also been observed in the
psychology literature for human perception of symmetries [268].

(discrete versus continuous, and finite versus infinite) topological nature
of symmetry groups poses serious problems for their representation and
computation on computers under a uniform framework [I51].
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Fig. 1.5 Sample images of distorted, disguised and layered real world symmetries. Top and
bottom-middle photos are courtesy of David R. Martin.

In summary, computational symmetry is challenged by at least two
acute discrepancies:

® the clean formal concepts of group theory versus imperfect,
noisy, ambiguous, distorted and often hidden symmetry pat-
terns in digitized real world data (Figure [L5)).

e the complete, concise and uniform mathematical theory of
symmetry, group theory, versus limitations of representa-
tional power of computers (hardware) and a lack of com-
putational models for real world symmetry (software);

Without explicitly and effectively addressing each of these challenges, it
is impossible for computational symmetry to release its potential power
and play a substantial role in computer vision and computer graphics
research even though the importance and relevance of symmetry in
these fields become increasingly obvious (Figure .

1.4 Historical Perspective

To gain some historic perspective and insight, interested readers can
find several influential symmetry-related papers, for example, the
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wonderful exposition on the role of symmetry in “Biological Shape
and Visual Science” by Blum in 1973 [20]; in 1977, the “Descrip-
tion and Recognition of Curved Objects” reported by Nevatia and
Binford, where bilateral symmetry of the object about different axes
is examined [197]E|; the method of detecting angle/side regularities
of closed curves and plateaus in one-dimensional patterns by Davis
et al. [22, [48]; the introduction of the term skewed symmetry by Takeo
Kanade in 1981 [109]; the exposition on “Smoothed Local Symmetries
and Their Implementation” by Brady and Asada (1984) [24]; the theory
of recognition-by-components (RBC) proposed by Biederman in 1985
[14]E|; “Perceptual Grouping and the Natural Representation of Natural
Form” using superquadrics as restricted generalized cylinders (GC) by
Pentland in 1986 [210]; “Perceptual Organization and Visual Recogni-
tion” by Lowe [I75], where the non-coincidental appearance of symme-
try in the real world was noted; and the “Symmetry-seeking Models for
3D Object Reconstruction” (1987) illustrated by Terzopoulos, Witkin
and Kass [256].

1.5 Organization of this Survey

In order to make this survey concise, self-contained and easily search-
able, we organize this survey into eight relatively independent sections.
They are:

(1) Introduction, where we motivate the necessity of this sur-
vey;

(2) Symmetry and symmetry groups, where we provide a
set of standard definitions and proofs with intuitive explana-
tions of these concepts. The theoretical basis for symmetry is

3The authors stated: because of the simple descriptors used for pieces, the symmetry cal-
culation is correspondingly crude. However, we feel that with improved descriptions, sym-
metry can be very useful.” (p. 90) [197].

4The fundamental assumption of the proposed theory of RBC “is that a modest set of
components [N probably 5 < 36] can be derived from contrasts of five readily detectable
properties of edges in a two-dimensional image: curvature, collinearity, symmetry, par-
allelism, and cotermination. The detection of these properties is generally invariant over
viewing position and image quality and consequently, allows robust object perception when
the image is projected from a novel viewpoint or degraded.”
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established under Euclidean, affine and perspectively-skewed
and non-Euclidean geometries;

e Symmetry in Euclidean geometry

® Symmetry-based invariants in perspective transfor-
mation (affine as a special case)

e Symmetry in non-Euclidean geometry

(3) Symmetry and Symmetry group detection, where we
describe and demonstrate the methods and the output of
several representative state of the art symmetry detection
algorithms followed by the results from the first quantified
benchmarking in this area;

(4) Near regular textures, where we show their mathematical
roots to crystallographic groups, and their increasingly wide
applicability in both computer vision and computer graphics
research;

(5) Continuous and quantified symmetry, where we demon-
strate a variety of real world applications using quantified
symmetry (or deviations from it) as a continuous measure;

(6) Symmetry in graphics, where a range of visually appeal-
ing symmetry-based graphics applications is illustrated;

(7) Summary, where we summarize this effort, provide pointers
to existing resources and lay out tangible future directions in
this research area; and

(8) References, a comprehensive reference list in computational
symmetry completes this survey.

Given limitations in space and time, some important aspects of
symmetry related topics are not covered in this survey, they include:

® Medial axis and its wide range of applications: for a recent
survey on this topic, refer to [249]; a classic shock graph
reference [250], and some recent developments [140], 253].

¢ Human and animal symmetry perceptions: these are well
studied and well documented. Interested readers can start
with [268] [144]; some excellent exploration of symmetry and
culture research can be found in these books [236], 274].
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e Alternative representations of symmetry groups: in this sur-
vey, we follow the classic group theory for symmetry. But we
recommend the book by Conway et al. [41] for great intuition
and a modern representation of symmetry groups.



Full text available at: http://dx.doi.org/10.1561/0600000008

References

[1]

2]

3]

[4]

S. J. Abas and A. S. Salman, Symmetries of Islamic Geometrical Patterns.
World Scientific, 1995.

B. M. Adcock, K. C. Jones, C. A. Reiter, and L. M. Vislocky, “Iterated func-
tion systems with symmetry in the hyperbolic plane,” Computers & Graphics,
vol. 24, no. 5, pp. 791-796, October 2000.

E. Akleman, O. Ozener, and C. Yuksel, “On a family of symmetric, connected
and high genus sculptures,” in Proceedings of Bridges 2006, 2006.

H. Alexander, “The computer/plotter and the 17 ornamental design types,”
in SIGGRAPH ’75: Proceedings of the 2nd Annual Conference on Computer
Graphics and Interactive Techniques, pp. 160-167, New York, NY, USA: ACM
Press, 1975.

H. Alt, K. Mehlhorn, H. Wagener, and E. Welzl, “Congruence, similarity and
symmetries of geometric objects,” ACM Journal of Computing, vol. 4, pp. 308—
315, 1987.

S. Alvarez, P. Alemany, D. Casanova, J. Cirera, M. Llunell, and D. Avnir,
“Shape maps and polyhedral interconversion paths in transition metal chem-
istry,” Coordination Chemistry Review, vol. 249, pp. 1693-1708, 2005.

R. Arnheim, Art and Visual Perception: A Psychology of the Creative Eye.
University of California Press, 2004.

M. J. Atallah, “On symmetry detection,” IEEE Transaction on Computers,
vol. ¢-34, no. 7, pp. 663-666, July 1985.

D. Avnir, O. Katzenelson, and H. Hel-Or, “Further comments on the chi-
rality of large random objects,” Chemistry — A European Journal, vol. 2,
pp. 744-746, 1996.

181



Full text available at: http://dx.doi.org/10.1561/0600000008

182

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

18]
(19]
20]
(21]

(22]

23]

24]

(25]
[26]

27]

References

D. Avnir, O. Katzenelson, S. Keinan, M. Pinsky, Y. Pinto, Y. Salomon,
and H. Hel-Or, “The measurement of symmetry and chirality: Conceptual
aspects,” in Concepts in Chemistry, (D. H. Rouvray, ed.), pp. 283-324,
Research Studies Press, Somerset, 1997.

D. Avnir and A. Y. Meyer, “Quantifying the degree of molecular shape defor-
mation. A chirality measure,” Journal of Molecular Structure (Theochem),
vol. 94, pp. 211-222, 1991.

P. N. Belhumeur, J. P. Jespanha, and D. J. Kriegman, “Eigenfaces vs. fisher-
faces: Recognition using class specific linear projection,” PAMI, vol. 19, no. 7,
pp. 711-720, July 1997.

L. Bieberbach, “Uber die Bewegungsgruppen der n-dimensional en Euk-
lidischen R&ume mit einem endlichen Fundamental bereich,” Géttinger
Nachrichten, pp. 75-84, 1910.

I. Biederman, “Human image understanding: Recent research and a theory,”
Computer vision, graphics, and image processing, vol. 32, pp. 29-73, 1985.

J. Bigiin, “Pattern recognition by detection of local symmetries,” in Pattern
Recognition and Artificial Intelligence, (E. S. Gelsema and L. N. Kanal, eds.),
pp- 7590, Elsevir, 1988.

J. Bigiin and G. Granlund, “Central symmetry modelling,” in Third Furopean
Signal Processing Conference, pp. 883-886, The Hague, September 1986.

J. Biglin and G. Granlund, “Optimal orientation detection of linear sym-
metry,” in First International Conference on Computer Vision, pp. 433-438,
London, June 1987.

G. D. Birkoff, Aesthetic Measure. Cambridge, MA: Harvard University Press,
1932.

J. F. Blinn, “The 3d kaleidoscope,” IEEE Computer Graphics and Applica-
tions, vol. 8, no. 5, pp. 9-14, 1988.

H. Blum, “Biological shape and visual science (part i),” Journal of Theoretical
Biology, vol. 38, pp. 205-287, 1973.

H. Blum and R. N. Nagel, “Shape description using weighted symmetric axis
features,” Pattern Recognition, vol. 10, pp. 167-180, 1978.

A. F. Blumenthal, L. S. Davis, and A. Rosenfeld, “Detecting natural
“plateaus” in one-dimensional patterns,” IEEE Transactions on Computers,
vol. 26, no. 2, pp. 178-179, 1977.

F. L. Bookstein, “The line-skeleton,” Computer Graphics and Image Process-
ing, vol. 11, pp. 123137, 1979.

M. Brady and H. Asada, “Smoothed local symmetries and their implementa-
tion,” The International Journal of Robotics Research, vol. 3, no. 3, pp. 3661,
Fall 1984.

K. Brakke, “The surface evolver,” FEzxperimental Mathematics, vol. 1, no. 2,
pp- 141-165, 1992.

R. A. Brooks, “Symbolic reasoning among 3D models and 2D images,” Arti-
ficial Intelligence, vol. 17, pp. 285-348, 1981.

V. Bruce and M. Morgan, “Violations of symmetry and repetition in visual
patterns,” Perception, vol. 4, pp. 239-249, 1975.

i



Full text available at: http://dx.doi.org/10.1561/0600000008

(28]

29]

(30]
(31]
32]

33]

(34]

35]

(36]
(37]
(38]

39]

(40]
41]
42]
(43]
(44]
(45]

[46]

(47]

References 183

R. P. Burn, Groups: A path to geometry. Cambridge, New York, Melbourne:
Cambridge University Press, 1985.

F. W. Burton, J. G. Kollins, and N. A. Alexandridis, “An implementation of
the exponential pyramid data structure with application to determination of
symmetries in pictures,” Computer Vision, Graphics, and Image Processing,
vol. 25, pp. 218-225, 1984.

S. Carlsson, “Symmetry in perspective,” in ECCV 1998, vol. 1, pp. 249-263,
1998.

T. J. Cham and R. Chipolla, “Symmetry detection through local skewed sym-
metries,” Image and Vision Computing, vol. 13, no. 5, pp. 439-450, 1995.

E. Chastain and Y. Liu, “Quantified symmetry for entorhinal spatial maps,”
Neurocomputing, vol. 70, no. 10-12, pp. 1723-1727, June 2007.

P. Chen, J. H. Hays, S. Lee, M. Park, and Y. Liu, “A quantitative evaluation
of symmetry detection algorithms,” Technical Report PSU-CSE-07011 (also
listed as Tech. report CMU-RI-TR~07-36), The Pennsylvania State University,
State College, PA, 2007.

K. Cho and S. M. Dunn, “Hierarchical local symmetries,” Pattern Recognition
Letters, vol. 12, pp. 343-347, 1991.

S. L. Chou, J. C. Lin, and W. H. Tsai, “Fold principal axis-a new tool for
defining the orientations of rotationally symmetric shapes,” Pattern Recogni-
tion Letters, vol. 12, pp. 109-115, 1991.

W. W. Chow, “Automatic generation of interlocking shapes,” Computer
Graphics and Image Processing, vol. 9, no. 4, pp. 333-353, April 1979.

W. W. Chow, “Interlocking shapes in art and engineering,” Computer Aided
Design, vol. 12, no. 1, pp. 29-34, January 1980.

K. W. Chung, H. S. Y. Chan, and B. N. Wang, ““smaller and smaller” from
dynamics,” Computers € Graphics, vol. 22, no. 4, pp. 527-536, August 1998.
J. J. Collins and I. N. Stewart, “Coupled nonlinear oscillators and the sym-
metries of animal gaits,” Journal of Nonlinear Science, vol. 3, pp. 349-392,
1993.

R. W. Conners and C. T. Ng, “Developing a quantitative model of human
preattentive vision,” SMC, vol. 19, no. 6, pp. 1384-1407, 1989.

J. H. Conway, H. Burgiel, and C. Goodman-Strauss, The Symmetries of
Things. A K Peters, Wellesley, Massachusetts, 2008.

H. S. M. Coxeter, Introduction to Geometry. Wiley, New York, 2nd Edition,
1980.

H. S. M. Coxeter, Personal Communication. 2000.

H. S. M. Coxeter and W. O. J. Moser, Generators and Relations for Discrete
Groups. New York: Springer-Verlag, 4th Edition, 1980.

A. Criminisi, P. Pérez, and K. Toyama, “Region filling and object removal
by exemplar-based inpainting,” in Proceedings of IEEE Computer Vision and
Pattern Recognition (CVPR), 2003.

R. Cutler and L. Davis, “Robust real-time periodic motion detection, analy-
sis and applications,” IEEE Transactions on Pattern Analysis and Machine
Intelligence, Special Issue on Video Surveillance, vol. 22, no. 8, August 2000.
D’Arcy W. Thompson, On Growth and Form. Cambridge University Press,
1961.



Full text available at: http://dx.doi.org/10.1561/0600000008

184
(48]
(49]
(50]

[51]

[52]
(53]
[54]
[55]
[56]

[57]

[58]

[59]

(60]

[61]

(62]

(63]

[64]

(65]

References

L. S. Davis, “Understanding shape: Angles and sides,” IEEE Transactions on
Computers, vol. 26, no. 3, pp. 236-242, 1977.

F. De la Toore and M. J. Black, “A framework for robust subspace learning,”
International Journal of Computer Vision, vol. 54, pp. 117-142, 2003.

O. Delgado-Friedrichs, “Data structures and algorithms for tilings i,” Theo-
retical Computer Science, vol. 303, no. 2—3, pp. 431-445, 2003.

S. Dong, P.-T. Bremer, M. Garland, V. Pascucci, and J. C. Hart, “Spec-
tral surface quadrangulation,” ACM Transactions on Graphics (Proceedings
of SIGGRAPH 2006), vol. 25, no. 3, pp. 1057-1066, 2006.

D. Dunham, “Artistic patterns in hyperbolic geometry,” in Bridges 1999 Pro-
ceedings, (R. Sarhangi, ed.), pp. 139-149, 1999.

D. Dunham, “Hyperbolic celtic knot patterns,” in Bridges 2000 Proceedings,
(R. Sarhangi, ed.), 2000.

D. Dunham, “Hyperbolic Islamic patterns — a beginning,” in Bridges 2001
Proceedings, (R. Sarhangi, ed.), pp. 247-254, 2001.

D. Dunham, “An algorithm to generate repeating hyperbolic patterns,” in
Proceedings of ISAMA 2007, pp. 111-118, 2007.

D. Dunham, J. Lindgren, and D. Witte, “Creating repeating hyperbolic pat-
terns,” in SIGGRAPH ’81: Proceedings of the 8th Annual Conference on Com-
puter Graphics and Interactive Techniques, pp. 215-223, New York, NY, USA:
ACM Press, 1981.

D. J. Dunham, “Creating hyperbolic escher patterns,” in H. S. M. Coxeter
and M. Emmer and R. Penrose and M. L. Teuber and M.C. Escher: Art and
Science, pp. 241-247, Elsevier Science Publishers B.V., 1986.

P. Eades, “Symmetry finding algorithms,” in Computational Morphology,
(G. T. Toussaint, ed.), pp. 41-51, Elsevier, 1988.

D. B. A. Epstein, J. W. Cannon, D. F. Holt, S. V. F. Levy, M. S. Paterson,
and W. P. Thurston, Word Processing in Groups. Natick, MA, USA: A. K.
Peters, Ltd., 1992.

M. Everingham, L. Van Gool, C. K. I. Williams, J. Winn, and
A. Zisserman, “The PASCAL Visual Object Classes Challenge 2007
(VOC2007) Results,”  http://www.pascal-network.org/challenges/VOC/
voc2007 /workshop/index.html.

E. S. Fedorov, “The elements of the study of figures. [Russian] (2) 21,
in Zapiski Imperatorskogo S. Peterburgskogo Mineralogichesgo Obshchestva
[Proc. S. Peterb. Mineral. Soc.], pp. 1-289, 1885.

E. S. Fedorov, “Symmetry in the plane. [Russian] (2) 28,” in Zapiski Imper-
atorskogo S. Peterburgskogo Mineralogichesgo Obshchestva [Proc. S. Peterb.
Mineral. Soc.], pp. 345-390, 1891.

E. S. Fedorov, “Symmetry of finite figures. [Russian] (2) 28,” in Zapiski Imper-
atorskogo S. Peterburgskogo Mineralogichesgo Obshchestva [Proc. S. Peterb.
Mineral. Soc.], pp. 1-146, 1891.

M. Field, “Designer chaos,” Computer-Aided Design, vol. 33, no. 3, pp. 349—
365, April 2001.

M. Field, “Dynamics, chaos, and design,” in The Visual Mind II, (M. Emmer,
ed.), pp. 473-493, Cambridge, Massachussetts: The MIT Press, 2005.



Full text available at: http://dx.doi.org/10.1561/0600000008

(66]
[67]
(68]
(69]

[70]

(71]

(72]

(73]

[74]

[75]

[76]

[77]

(78]

[79]
(80]
(81]

(82]

(83]

References 185

M. Field and M. Golubitsky, Symmetry in Chaos: A Search for Pattern in
Mathematics, Art, and Nature. Oxford University Press, 1992.

M. Fleck, “Local rotational symmetries,” in IEEE Conference on Computer
Vision and Pattern Recognition, pp. 332—-337, 1986.

D. A. Forsyth, “Shape from texture without boundaries,” in ECCV, pp. 225—
239, 2002.

J. A. Gallian, Contemporary Abstract Algebra. D.C. Heath and Company,
Lexington, MA, 1986.

J. M. Gauch and S. M. Pizer, “Image description via the multiresolution
intensity axis of symmetry,” in International Conference on Computer Vision,
pp. 269-274, 1988.

J. M. Gauch and S. M. Pizer, “The intensity axis of symmetry and its appli-
cation to image segmentation,” IEEE Transactions on Pattern Analysis and
Machine Intelligence Archive, vol. 15, no. 8, pp. 753-770, August 1993.

J. J. Gibson, The Perception of the Visual World. Houghton Mifflin, Boston,
Massachusetts, 1950.

G. Gilat, “Chiral coefficient — a measure of the amount of structural chiral-
ity,” Journal of Physics A: Mathematical and Theoretical, vol. 22, pp. 545—545,
1989.

M. Giurfa, B. Eichmann, and R. Menzel, “Symmetry perception in an insect,”
Nature, vol. 382, no. 6590, pp. 458-461, August 1996.

R. Glachet, M. Dhome, and J. T. Lapreste, “Finding the perspective projec-
tion of an axis of revolution,” Pattern Recognition Letters, vol. 12, pp. 693-700,
1991.

A. Glassner, “Hierarchical textures,” IEEE Computer Graphics and Applica-
tions, vol. 20, no. 4, pp. 104-109, 2000.

J. H. Graham, S. Raz, H. Hel-Or, and E. Nevo, “Fluctuating asymme-
try: Methods, theory, and applications,” Symmetry, vol. 2, no. 2, pp. 466—
540, 2010. Special Issue “Feature Papers: Symmetry Concepts and Appli-
cations,” doi: 10.3390/sym2020466, www.mdpi.com/journal/symmetry (ISSN
2073-8994; CODEN: SYMMAM).

K. Grammer and R. Thornhill, “Human facial attractiveness and sexual
selection: The role of symmetry and averageness,” Journal of Comparative
Psychology, vol. 108, pp. 233-242, 1994.

M. J. Greenberg, Fuclidean and Non-FEuclidean Geometries: Development and
History. W. H. Freeman and Company, 3rd Edition, 1993.

G. Griffin, A. Holub, and P. Perona, “Caltech-256 object category dataset,”
Technical Report 7694, California Institute of Technology, 2007.

A. D. Gross and T. E. Boult, “Analyzing skewed symmetries,” International
Journal of Computer Vision, vol. 13, no. 1, pp. 91-111, September 1994.

B. Griinbaum, “Measures of symmetry for convex sets,” Proceedings of
Symposia in Pure Mathematics: American Mathematical Society, vol. 7,
pp. 233-270, 1963.

B. Griinbaum, “Periodic ornamentation of the fabric plane: Lessons from Peru-
vian fabrics,” Symmetry, vol. 1, no. 1, pp. 45—68, 1990.



Full text available at: http://dx.doi.org/10.1561/0600000008

186
(84]

(85]

(86]

(87]

(88]

(89]
(90]
(91]
(92]
(93]

(94]

(95]

[96]
[97]

(98]
[99]
[100]
[101]

[102]

[103]

References

B. Griinbaum and G. C. Shephard, Tilings and Patterns. New York: W. H.
Freeman and Company, 1987.

B. Griinbaum and G. C. Shephard, “Interlace patterns in Islamic and Moorish
art,” in The Visual Mind, (M. Emmer, ed.), pp. 147-155, Cambridge, Mas-
sachussetts: The MIT Press, 1993.

C. Gunn, “Visualizing hyperbolic geometry,” in Computer Graphics and Math-
ematics, pp. 299-313, Springer-Verlag, 1992.

C. Gunn, “Discrete groups and visualization of three-dimensional manifolds,”
in SIGGRAPH ’93: Proceedings of the 20th Annual Conference on Computer
Graphics and Interactive Techniques, pp. 255-262, New York, NY, USA: ACM
Press, 1993.

H. Hafting, M. Fyhn, S. Molden, E. I. Moser, and M. Moser, “Microstructure
of a spatial map in the entorhinal cortex,” Nature, vol. 436, pp. 801-806,
August 2005.

J. Han, S. J. McKenna, and R. Wang, “Regular texture analysis as statistical
model selection,” in ECCV08, 2008.

G. W. Hart, “The geometric aesthetic,” in The Visual Mind II, (M. Emmer,
ed.), pp. 215-234, Cambridge, Massachussetts: The MIT Press, 2005.

G. W. Hart, “Orderly tangles revisited,” in Proceedings of Bridges 2005, 2005.
G. W. Hart, “Modular kirigami,” in Proceedings of Bridges 2007, 2007.

G. W. Hart, “Symmetric sculpture,” Journal of Mathematics and the Arts,
vol. 1, no. 1, pp. 21-28, March 2007.

B. Hausmann, B. Slopianka, and H.-P. Seidel, “Exploring plane hyperbolic
geometry,” in Visualization and Mathematics, (H.-C. Hege and K. Polthier,
eds.), pp. 21-36, Springer, 1997.

J. Hays, M. Leordeanu, A. Efros, and Y. Liu, “Discovering texture regular-
ity as a higher-order correspondence problem,” in European Conference on
Computer Vision (ECCV’06), 2006.

H. Heesch and O. Kienzle, Flachenschluss. Springer Verlag, 1963.

Y. Hel-Or, S. Peleg, and D. Avnir, “Characterization of right handed and left
handed shapes,” Computer Vision, Graphics, and Image Processing, vol. 53,
no. 2, 1991.

N. F. M. Henry and K. Lonsdale, eds., International Tables for X-ray Crys-
tallography, vol. 1, Symmetry Groups, The International Union of Crystallog-
raphy. England: The Kynoch Press, 1969.

P. T. Highnam, “Optimal algorithms for finding the symmetries of planar
point sets,” Information Processing Letters, vol. 22, pp. 219-222, 1986.

A. Holden, Shapes, Space, and Symmetry. Dover, 1991.

W. Hong, Y. Ma, and Y. Yu, “Reconstruction of 3-d symmetric curves from
perspective images without discrete features,” in Proceedings of the European
Conference on Computer Vision, 2004.

W. Hong, A. Y. Yang, and Y. Ma, “On symmetry and multiple view geometry:
Structure, pose and calibration from a single image,” International Journal of
Computer Vision, vol. 60, no. 3, pp. 241-265, 2004.

M.-K. Hu, “Visual pattern recognition by moment invariants,” IRE Transac-
tions on Information Theory, vol. IT-20, pp. 179-187, February 1962.



Full text available at: http://dx.doi.org/10.1561/0600000008

[104]
[105]
[106]
[107]
[108]
[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

References 187

K. Huang, W. Hong, and Y. Ma, “Symmetry-based photo editing,” Pattern
Recognition, vol. 27, no. 12, pp. 1945-1959, 2005.

K. Huang, A. Y. Yang, W. Hong, and Y. Ma, “Large baseline matching and
reconstruction from symmetry cells,” in Proceedings of the International Con-
ference on Robotics and Automation, 2004.

O. Jones (1809-1874), The Grammar of Ornament. London: Quaritch, 1910.
M. Jorgensen, “A dynamic em algorithm for estimating mixture proportions,”
Statistics and Computing, vol. 9, no. 4, pp. 299-302, 1999.

B. Julesz, “Visual pattern discrimination,” IRE Transactions on Information
Theory, vol. 8, no. 2, pp. 84-92, 1962.

T. Kanade, “Recovery of the 3-dimensional shape of an object from a single
view,” Artificial Intelligence, vol. 17, pp. 75116, 1981.

K. Kanatani, “Comments on “Symmetry as a Continuous Feature”,” IFEE
Transactions on Pattern Analysis and Machine Intelligence, vol. 19, no. 3,
pp. 246-247, 1997.

D. R. Kanis, J. S. Wong, T. J. Marks, M. A. Ratner, H. Zabrodsky, S. Keinan,
and D. Avnir, “Continuous symmetry analysis of hyperpolarizabilities. Char-
acterization of second order non-linear optical response of distorted benzene,”
Journal of Physical Chemistry, vol. 99, pp. 11061-11066, 1995.

C. S. Kaplan, “Voronoi diagrams and ornamental design,” in ISAMA’99: The
First Annual Symposium of the International Society for the Arts, Mathemat-
ics, and Architecture, pp. 277-283, 1999.

C. S. Kaplan, “Islamic star patterns from polygons in contact,” in GI ’05: Pro-
ceedings of the 2005 conference on Graphics Interface, pp. 177-185, Canadian
Human-Computer Communications Society, 2005.

C. S. Kaplan, Introductory Tiling Theory for Computer Graphics. Morgan &
Claypool, 2009.

C. S. Kaplan, “Semiregular patterns on surfaces,” in NPAR ’09: Proceedings of
the 7th International Symposium on Non-photorealistic Animation and Ren-
dering, pp- 35-39, New York, NY, USA: ACM Press, 2009.

C. S. Kaplan and D. H. Salesin, “Escherization,” in SIGGRAPH ’00: Proceed-
ings of the 27th Annual Conference on Computer Graphics and Interactive
Techniques, pp. 499-510, New York, NY, USA: ACM Press/Addison-Wesley
Publishing Co, 2000.

C. S. Kaplan and D. H. Salesin, “Dihedral escherization,” in GI ’04: Proceed-
ings of Graphics Interface 2004, pp. 255—262, Canadian Human-Computer
Communications Society. School of Computer Science, University of Water-
loo, Waterloo, Ontario, Canada, 2004.

C. S. Kaplan and D. H. Salesin, “Islamic star patterns in absolute geometry,”
ACM Transactions on Graphics, vol. 23, no. 2, pp. 97-119, 2004.

H. Karam and M. Nakajima, “Islamic symmetric pattern generation based
on group theory,” in CGI ’99: Proceedings of the International Conference on
Computer Graphics, p. 112, Washington, DC, USA: IEEE Computer Society,
1999.

O. Katzenelson, H. Hel-Or, and D. Avnir, “Chirality of large supramolecular
structures,” Chemistry — A European Journal, vol. 2, pp. 174-181, 1996.



Full text available at: http://dx.doi.org/10.1561/0600000008

188

[121]

[122]

[123]

[124]

[125]

[126]
[127]

[128]

[129]
[130]
[131]

[132]

[133]

[134]

[135]

[136]
[137]

138

References

D. C. Kay, College Geometry. Holt, Rinehart and Winston, Inc., 1st Edition,
1969.

M. Kazhdan, B. Chazelle, D. Dobkin, A. Finkelstein, and T. Funkhouser, “A
reflective symmetry descriptor,” in Proceedings of Seventh FEuropean Confer-
ence on Computer Vision, pp. 642-656, Springer, May 2002.

S. Keinan and D. Avnir, “Quantitative symmetry in structure-activity corre-
lations. The near ¢2 symmetry of inhibitor/hiv-protease complexes,” Journal
of the American Chemical Society, vol. 122, pp. 4378-4384, 2000.

S. Keinan and D. Avnir, “Continuous symmetry analysis of tetrahedral /planar
distortions. Copper chlorides and other ab4 species,” Inorganic Chemistry,
vol. 40, pp. 318-323, 2001.

A. Khodakovsky, N. Litke, and P. Schroéder, “Globally smooth parameteri-
zations with low distortion,” ACM Transactions on Graphics (Proceedings of
SIGGRAPH 2003), vol. 22, no. 3, pp. 350-357, July 2003.

D. Knuth, J. Morris, and V. Pratt, “Fast pattern matching in strings,” SIAM
Journal of Computing, vol. 6, pp. 322-350, 1977.

T. Korah and D. Rasmussen, “Analysis of building textures for reconstructing
partially occluded facades,” in ECCV08, 2008.

R. Kowner and R. Thornhill, “The imperfect organism: On the concept of
asymmetry and its significance in humans, non-human animals and plants,”
Symmetry, Culture and Science, vol. 10, pp. 227-243, 2002.

J. L. Krahe, “Detection of symmetric and radial structures in images,” in
International Conference on Pattern Recognition, pp. 947-950, 1986.

A. Kuehnle, “Symmetry-based recognition of vehicle rears,” Pattern Recogni-
tion Letters, vol. 12, pp. 249-258, 1991.

M. H. Kutner, C. J. Nachtsheim, J. Neter, and W. Li, Applied Linear Statistical
Models. McGraw-Hill Irwin, 2005.

S. Lee, R. T. Collins, and Y. Liu, “Rotation symmetry group detection via fre-
quency analysis of frieze-expansions,” in IEEE Computer Vision and Pattern
Recognition (CVPR 2008), pp. 1-8, 2008.

S. Lee and Y. Liu, “Curved glide-reflection symmetry detection,’
Vision and Pattern Recognition (CVPR09), pp. 1-8, 2000.

S. Lee and Y. Liu, “Skewed rotation symmetry group detection,” IEEE Trans-
actions on Pattern Analysis and Machine Intelligence, PAMI, Accepted for
publication, 2009.

Y. Lei and K. Wong, “Detection and localisation of reflectional and rotational
symmetry under weak perspective projection,” Pattern Recognition, vol. 32,
no. 2, pp. 167-180, 1999.

M. Leordeanu and M. Hebert, “A spectral technique for correspondence prob-
lems using pairwise constraints,” in ICCV, 2005.

T. Leung and J. Malik, “Detecting, localizing and grouping repeated scene
elements,” in ECCV LNCS 1064, vol. 1, pp. 546-555, 1996.

T. K. Leung and J. Malik, “Detecting, localizing and grouping repeated scene
elements from an image,” in Proceedings of European Conference on Computer
Vision (ECCV), pp. 546-555, 1996.

" in Computer



Full text available at: http://dx.doi.org/10.1561/0600000008

139
(140

[141]

[142]

[143]
[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

References 189

G. Levi and U. Montanari, “A grey-weighted skeleton,” Information Control,
vol. 17, pp. 62-91, 1970.

A. Levinshtein, C. Sminchisescu, and S. Dickinson, “Multiscale symmetric
part detection and grouping,” in ICCV, 2009.

T. S. Levitt, “Domain independent object description and decomposition,” in
Proceedings of American Association of Artificial Intelligence, pp. 207-211,
1984.

S. Levy, “Automatic generation of hyperbolic tilings,” in The Visual Mind,
(M. Emmer, ed.), pp. 165-170, Cambridge, Massachussetts: The MIT Press,
1993.

M. Leyton, “A process-grammar for shape,” Artificial Intelligence, vol. 34,
pp. 213-247, 1988.

M. Leyton, Symmetry, Causality, Mind. Cambridge, Massachusetts: The MIT
Press, 1992.

H.-C. Lin, L.-L. Wang, and S.-N. Yang, “Extracting periodicity of a regu-
lar texture based on autocorrelation functions,” Pattern Recognition Letters,
vol. 18, pp. 433443, 1997.

W. C. Lin, J. H. Hays, C. Wu, V. Kwatra, and Y. Liu, “Quantitative evaluation
on near regular texture synthesis,” in Proceedings of Computer Vision and
Pattern Recognition Conference (CVPR’06), vol. 1, pp. 427, 434, New York
City: IEEE Computer Society Press, June 2006.

W. C. Lin and Y. Liu, “Tracking dynamic near-regular textures under occlu-
sion and rapid movements,” in 9th European Conference on Computer Vision
(ECCV’06), vol 2, pp. 44-55, 2006.

W. C. Lin and Y. Liu, “A lattice-based mrf model for dynamic near-regular
texture tracking,” IEEE Transaction on Pattern Analysis and Machine Intel-
ligence, vol. 29, no. 5, pp. 777-792, May 2007.

F. Liu and R. W. Picard, “Periodicity, directionality, and randomness: Wold
features for image modeling and retrieval,” IEEE Transactions on Pattern
Analysis and Machine Intelligence, vol. 18, pp. 722—733, 1996.

J. Liu and Y. Liu, “Multi-target tracking of time-varying spatial patterns,”
in Proceedings of IEEE Computer Society Conference on Computer Vision
and Pattern Recognition (CVPR’10), pp. 1-8, IEEE Computer Society Press,
2010.

Y. Liu, “Symmetry groups in robotic assembly planning,” PhD thesis, Uni-
versity of Massachusetts, Amherst, MA., September 1990.

Y. Liu, “Computational Symmetry,” in Symmetry 2000, vol. 80, chapter 21,
(I. Hargittai and T. C. Laurent, eds.), pp. 231-245, Wenner-Gren International
Series, Portland, London, ISBN I 85578 149 2, 2002.

Y. Liu, T. Belkina, H. Hays, and R. Lublinerman, “Image de-fencing,” in IEEFE
Computer Vision and Pattern Recognition (CVPR 2008), pp. 1-8, 2008.

Y. Liu and R. T. Collins, “A Computational Model for Repeated
Pattern Perception using Frieze and Wallpaper Groups,” in Computer
Vision and Pattern Recognition Conference (CVPR’00), pp. 537-544,
Hilton Head,SC, June 2000. IEEE Computer Society Press. (http://www.
ri.cmu.edu/pubs/pub_3302.html).



Full text available at: http://dx.doi.org/10.1561/0600000008

190

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

References

Y. Liu and R. T. Collins, “Frieze and wallpaper symmetry groups classification
under affine and perspective distortion,” Technical Report CMU-RI-TR-98-37,
The Robotics Institute, Carnegie Mellon University, Pittsburgh, PA, 1998.
Y. Liu and R. T. Collins, “Skewed Symmetry Groups,” in Proceedings of
IEEE Computer Society Conference on Computer Vision and Pattern Recog-
nition (CVPR’01), pp. 872879, Kauai, HI: IEEE Computer Society Press.
(http://www.ri.cmu.edu/pubs/pub_3815.html), December 2001.

Y. Liu, R. T. Collins, and W. E. Rothfus, “Robust Midsagittal Plane Extrac-
tion from Normal and Pathological 3D Neuroradiology Images,” IEEE Trans-
actions on Medical Imaging, vol. 20, no. 3, pp. 175-192, March 2001.

Y. Liu, R. T. Collins, and Y. Tsin, “Gait sequence analysis using frieze pat-
terns,” in ECCV 02: Proceedings of the 7th European Conference on Computer
Vision-Part II, pp. 657-671, 2002.

Y. Liu, R. T. Collins, and Y. Tsin, “A computational model for periodic
pattern perception based on frieze and wallpaper groups,” IEEE Transaction
on Pattern Analysis and Machine Intelligence, vol. 26, no. 3, pp. 354-371,
March 2004.

Y. Liu and F. Dellaert, “A Classification-based Similarity Metric for 3D Image
Retrieval,” in Proceedings of Computer Vision and Pattern Recognition Con-
ference (CVPR’98), pp. 800-807, Santa Barbara: IEEE Computer Society
Press, June 1998.

Y. Liu, F. Dellaert, W. E. Rothfus, A. Moore, J. Schneider, and T. Kanade,
“Classification-driven pathological neuroimage retrieval using statistical asym-
metry measures,” in International Conference on Medical Imaging Computing
and Comptuer Assisted Intervention (MICCAI 2001), pp. 655-665, Springer,
October 2001.

Y. Liu, J. Hays, Y.-Q. Xu, and H.-Y. Shum, “Digital papercutting,” in SIG-
GRAPH 05: ACM SIGGRAPH 2005 Sketches, p. 99, New York, NY, USA:
ACM Press, 2005.

Y. Liu and W. C. Lin, “Deformable texture: the irregular-regular-irregular
cycle,” in Texture 2003, The 3rd International Workshop on Texture Analysis
and Synthesis, pp. 65-70, Nice, France, October 2003.

Y. Liu, W. C. Lin, and J. Hays, “Near-regular texture analysis and manipula-
tion,” ACM Transactions on Graphics (SIGGRAPH), vol. 23, no. 3, pp. 368
376, August 2004.

Y. Liu and J. Palmer, “A quantified study of facial asymmetry in 3d faces,”
in IEEE International Workshop on Analysis and Modeling of Faces and Ges-
tures, pp. 222-229, IEEE, 2003.

Y. Liu and R. Popplestone, “A Group Theoretical Formalization of Surface
Contact,” International Journal of Robotics Research, vol. 13, no. 2, pp. 148—
161, April 1994.

Y. Liu, K. Schmidt, J. Cohn, and S. Mitra, “Facial asymmetry quantification
for expression invariant human identification,” Computer Vision and Image
Understanding Journal, vol. 91, no. 1/2, pp. 138-159, July /August 2003. Spe-
cial issue on face recognition, (Martinez, Yang and Kriegman, Eds.).



Full text available at: http://dx.doi.org/10.1561/0600000008

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]
[176]

[177]

[178]

[179)]

[180]

[181]

[182]

References 191

Y. Liu, K. Schmidt, J. Cohn, and R. L. Weaver, “Facial asymmetry
quantification for expression invariant human identification,” in Interna-
tional Conference on Automatic Face and Gesture Recognition (FG’02), May
2002.

Y. Liu, L. Teverovskiy, O. Carmichael, R. Kikinis, M. Shenton, C. S. Carter,
V. A. Stenger, S. Davis, H. Aizenstein, J. Becker, O. Lopez, and C. Meltzer,
“Discriminative mr image feature analysis for automatic schizophrenia and
alzheimer’s disease classification,” in 7th International Conference on Medi-
cal Imaging Computing and Comptuer Assisted Intervention (MICCAI 2004),
pp- 378-385, Springer, October 2004.

Y. Liu, L. Teverovskiy, O. Lopez, H. Aizenstein, J. Becker, and C. Meltzer,
“Discovery of “biomarkers” for Alzheimer’s Disease prediction from structural
mr images,” in 2002 IEEFE International Symposium on Biomedical Imaging:
Macro to Nano, pp. 1344-1347, April 2007.

Y. Liu and Y. Tsin, “The promise and perils of near-regular texture,” in Tex-
ture 2002, pp. 657-671, Copenhagen, Denmark: in conjuction with ECCV’02,
May 2002.

Y. Liu, Y. Tsin, and W. Lin, “The promise and perils of near-regular texture,”
International Journal of Computer Vision, vol. 62, no. 1-2, pp. 145, 159, April
2005.

A. Lobay and D. A. Forsyth, “Recovering shape and irradiance maps from
rich dense texton fields,” in CVPR, pp. 400-406, 2004.

L. Loreto, R. Farinato, and M. Tonetti, “Crystallography and plane orna-
ments: Interactive multi-window computer graphics,” in The Visual Mind,
(M. Emmer, ed.), pp. 187-192, Cambridge, Massachussetts: The MIT Press,
1993.

D. G. Lowe, Perceptual Organization and Visual Recognition. Kluwer Aca-
demic, 1985.

D. G. Lowe, “Distinctive image features from scale-invariant keypoints,” Inter-
national Journal of Computer Vision, vol. 60, no. 2, pp. 91, 110, 2004.

G. Loy and J. Eklundh, “Detecting symmetry and symmetridc constellations
of features,” in European Conference on Computer Vision (ECCV’04), Part I1,
LNCS 3952, pp. 508, 521, May 2006.

J. Lu, Z. Ye, and Y. Zou, “Automatic generation of colorful patterns with wall-
paper symmetries from dynamics,” Visual Computing, vol. 23, no. 6, pp. 445—
449, 2007.

J. Lu, Z. Ye, Y. Zou, and R. Ye, “Orbit trap rendering methods for generating
artistic images with crystallographic symmetries,” Computers & Graphics,
vol. 29, no. 5, pp. 787794, October 2005.

Y. Ma, K. Huang, R. Vidal, J. Kosecka, and S. S. Sastry, “Rank conditions on
the multiple view matrix,” International Journal of Computer Vision, vol. 59,
no. 2, pp. 115-137, 2004.

S. MacLane and G. Birkhoff, Algebra. New York: MacMillan Publishing Co.,
Inc., 2nd Edition, 1979.

D. Malin and K. Roucoux, Heaven & FEarth: Unseen by the Naked Eye.
Phaidon Press Limited, October 1 2004.



Full text available at: http://dx.doi.org/10.1561/0600000008

192

[183]

[184]

[185]

[186]

[187]

[188]

[189]

[190]

[191]

[192]

(193]

[194]
[195]

[196]

[197]
[198]

[199]

References

G. Marola, “On the detection of the axes of symmetry of symmetric and
almost symmetric planar images,” IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 11, no. 1, pp. 104-108, 1989.

J. Matas, O. Chum, M. Urban, and T. Pajdla, “Robust wide baseline stereo
from maximally stable extremal regions,” in British Machine Vision Confer-
ence, 2002.

B. Micusik, H. Wildenauer, and M. Koseckd, “Detection and matching of
rectilinear structures,” in Proceedings of IEEE Computer Society Conference
on Computer Vision and Pattern Recognition (CVPR’08), IEEE Computer
Society Press, June 2008.

W. Miller, Symmetry Groups and their Applications. London: Academic Press,
1972.

D. Milner, S. Raz, H. Hel-Or, D. Keren, and E. Nevo, “Measuring symmetry
without landmarks,” In preparation.

D. Milner, S. Raz, H. Hel-Or, D. Keren, and E. Nevo, “A new measure of sym-
metry and its application to classification of bifurcating structures,” Pattern
Recognition, vol. 40, no. 8, pp. 2237-2250, 2007.

J. Milnor, “Hilbert’s problem 18,” in Proceedings of symposia in pure math-
ematics, 28, American Mathematical Society, ISBN 0-8218-1428-1 (Browder,
Felix E., Mathematical developments arising from Hilbert problems), 1976.
N. J. Mitra, L. Guibas, and M. Pauly, “Partial and approximate symme-
try detection for 3d geometry,” in ACM Transactions on Graphics, vol. 25,
pp- 560-568, 2006.

S. Mitra and Y. Liu, “Local facial asymmetry for expression classifica-
tion,” in Proceedings of IEEE Computer Society Conference on Computer
Vision and Pattern Recognition (CVPR’04), pp. 889-894, Washington, DC:
IEEE Computer Society Press, June 27-July 2 2004. (http://www.ri.cmu.
edu/pubs/pub_4640.html).

A. Moller and J. Swaddle, Asymmetry, Developmental Stability, and Evolu-
tions. Oxford University Press, 1997.

A. P. Moller, R. Thornhill, and S. W. Gangestad, “Direct and indirect tests
for publication bias: Asymmetry and sexual selection,” Animal Behaviour,
vol. 70, pp. 497-506, 2005.

D. Mukherjee, A. Zisserman, and J. Brady, “Shape from symmetry — detect-
ing and exploiting symmetry in affine images,” 1995.

G. L. Naber, The Geometry of Minkowski Spacetime. New York: Springer-
Verlag, 1992.

L. R. Nackman and S. M. Pizer, “Three-dimensional shape description using
the symmetric axis transform i: Theory,” IEEE Transactions on Pattern Anal-
ysis and Machine Intelligence, vol. 7, pp. 187-202, 1985.

R. Nevatia and T. O. Binford, “Description and recognition of curved objects,”
Artificial Intelligence, vol. 8, no. 1, pp. 77-98, 1977.

H. Ogawa, “Symmetry analysis of line drawings using the hough transform,”
Pattern Recognition Letters, vol. 12, pp. 9-12, 1991.

V. Ostromoukhov, “Mathematical tools for computer-generated ornamental
patterns,” in Electronic Publishing, Artistic Imaging and Digital Typography,



Full text available at: http://dx.doi.org/10.1561/0600000008

[200]

[201]

[202]

[203]

[204]

[205]

[206]

[207]

[208]

[209]
[210]

[211]

[212]

[213)]

[214]

References 193

number 1375 in Lecture Notes in Computer Science, pp. 193-223, Springer-
Verlag, 1998.

A. J. O'Toole, K. A. Deffenbacher, D. Valentin, K. McKee, D. Huff, and
H. Abdi, “The perception of face gender: The role of stimulus structure in
recognition and classification,” Memory and Cognition, vol. 26, no. 1, pp. 146—
160, 1998.

A. R. Palmer, “Fluctuating asymmetry analyses: A primer,” in Developmental
instability: Its origins and evolutionary implications, (T. A. Markow, ed.),
pp- 335-364, Kluwer, Dordrecht, Netherlands, 1994.

M. Park, K. Brocklehurst, R. T. Collins, and Y. Liu, “Deformed lattice detec-
tion in real-world images using mean-shift belief propagation,” IEEE Trans-
actions on Pattern Analysis and Machine Intelligence, PAMI, vol. 31, no. 10,
2009.

M. Park, S. Lee, P. Chen, S. Kashyap, A. A. Butt, and Y. Liu, “Perfor-
mance evaluation of state-of-the-art discrete symmetry detection algorithms,”
in IEEE Conference on Computer Vision and Pattern Recognition (CVPR
2008), pp. 1-8, 2008.

M. Park, Y. Liu, and R. T. Collins, “Deformed lattice detection via mean-
shift belief propagation,” in Proceedings of the 10th Furopean Conference on
Computer Vision (ECCV’08), 2008.

M. Park, Y. Liu, and R. T. Collins, “Efficient mean shift belief propagation for
vision tracking,” in Proceedings of Computer Vision and Pattern Recognition
Conference (CVPR’08), IEEE Computer Society Press, June 2008.

S. K. Parui and D. D. Majumder, “Symmetry analysis by computer,” Pattern
Recognition, vol. 16, pp. 63—-67, 1983.

M. Pauly, N. J. Mitra, J. Wallner, H. Pottmann, and L. Guibas, “Discovering
structural regularity in 3D geometry,” ACM Transactions on Graphics, vol. 27,
no. 3, pp. #43, 1-11, 2008.

S. Peleg and A. Rosenfeld, “A min-max medial axis transform,” IEEE Trans-
actions on Pattern Analysis and Machine Intelligence, vol. 3, no. 2, pp. 208—
210, 1981.

R. Penrose, “Role of aesthetics in pure and applied research,” Bulletin of the
Institute of Mathematics and its Applications, vol. 10, no. 266, 1974.

A. P. Pentland, “Perceptual organization and the representation of natural
form,” Artificial Intelligence, vol. 28, pp. 293-331, 1986.

N. Pillow, S. Utcke, and A. Zisserman, “Viewpoint-invariant representation of
generalized cylinders using the symmetry set,” Image and Vision Computing,
vol. 13, no. 5, 1995.

M. Pinsky and D. Avnir, “Continuous symmetry measures, v: The classical
polyhedra,” Inorganic Chemistry, vol. 37, pp. 5575-5582, 1998.

Y. Pinto, P. W. Fowler, D. Mitchell, and D. Avnir, “Continuous chirality anal-
ysis of model stone-wales rearrangements in fullerenes,” Journal of Physical
Chemistry, vol. 102, pp. 5776-5784, 1998.

S. Pizer, W. Oliver, and S. Bloomberg, “Hierarchical shape description via
the multiresolution symmetric axis transform,” IEEFE Transactions on Pattern
Analysis and Machine Intelligence, vol. 9, no. 4, pp. 505-511, 1987.



Full text available at: http://dx.doi.org/10.1561/0600000008

194

[215]

[216]

[217]
[218]
[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

[231]

References

J. Podolak, P. Shilane, A. Golovinskiy, S. Rusinkiewicz, and T. A. Funkhouser,
“A planar-reflective symmetry transform for 3d shapes,” ACM Transactions
on Graphics, vol. 25, no. 3, pp. 549-559, 2006.

J. Ponce, “On characterizing ribbons and finding skewed symmetries,” in Pro-
ceedings of International Conference on Robotics and Automation, pp. 49-54,
1989.

J. Ponce, “On characterizing ribbons and finding skewed symmetries,” Com-
puter Vision, Graphics, and Image Processing, vol. 52, pp. 328-340, 1990.

S. Posch, “Detecting skewed symmetries,” in International Conference on Pat-
tern Recognition, pp. 602—606, The Hague, August 1992.

V. S. N. Prasad and L. S. Davis, “Detection rotational symmetries,” in IEEFE
International Conference on Computer Vision (ICCV), pp. 346-352, 2005.
M. Proesmans and L. Van Gool, “Grouping based on coupled diffusion
maps,” in Shape, Contour and Grouping in Computer Vision, LNCS vol. 1681,
(D. Forsyth, J. Mundy, V. Gesu, and R. Cipolla, eds.).

M. Proesmans, L. Van Gool, and A. Oosterlinck, “Grouping through local,
parallel interactions,” in Proceedings Applications of digital image processing
XVIII, vol. 2564, July 1995, pp. 458-469, SPIE, 1995.

D. Reisfeld, H. Wolfson, and Y. Yeshurun, “Detection of interest points
using symmetry,” in International Conference on Computer Vision, pp. 6265,
Osaka, 1990.

D. Reisfeld, H. Wolfson, and Y. Yeshurun, “Robust detection of facial features
by generalized symmetry,” in International Conference on Pattern Recogni-
tion, pp. A:117-120, June 1992.

D. Reisfeld, H. Wolfson, and Y. Yeshurun, “Context free attentional operators:
the generalized symmetry transform,” The International Journal of Computer
Vision, vol. 14, pp. 119-130, 1995.

C. K. Richardson, D. Bowers, R. M. Bauer, K. M. Heilman, and C. M. Leonard,
“Digitizing the moving face during dynamic displays of emotion,” Neuropsy-
chologia, vol. 38, no. 7, pp. 1028-1039, 2000.

I. Rodr iguez, A. Gumbert, N. Hempel de Ibarra, J. Kunze, and M. Giurfa,
“Symmetry is in the eye of the ‘beeholder’: innate preference for bilateral
symmetry in flower-na”ive bumblebees,” Naturwissenschaften, vol. 91, no. 8,
pp- 374-377, August 2004.

A. Rosenfeld, “Axial representation of shape,” Computer Vision, Graphics,
and Image Processing, vol. 10, pp. 156—-173, 1986.

T. Rowland and E. W. Weisstein, Group. http://mathworld.wolfram.
com/Group.html.

P. Saint-Marc and G. Medioni, “B-spline contour representation and symme-
try detection,” in FEuropean Conference on Computer Vision, pp. 604606,
1990.

Y. Sato, J. Ohya, and K. Ishii, “Smoothed local generalized cones: An axial
representation of 3D shapes,” in IEEE Conference on Computer Vision and
Pattern Recognition, pp. 56—62, Champaign, June 1992.

F. Schaffalitzky and A. Zisserman, “Geometric grouping of repeated elements
within images,” in Proceedings of 9th British Machine Vision Conference,
Southampton, pp. 13-22, 1998.

i



Full text available at: http://dx.doi.org/10.1561/0600000008

[232]
[233]
[234]
[235]
[236]
[237]
[238]

[239]

[240]

[241]

[242]

[243]
[244]

[245]
[246]
[247]

[248]

[249]

References 195

F. Schaffalitzky and A. Zisserman, “Geometric grouping of repeated elements
within images,” in Shape, Contour and Grouping in Computer Vision, LNCS,
(D. A. Forsyth, V. Di Gesu, J. L. Mundy, and R. Cipolla, eds.), pp. 165-181,
Springer-Verlag, 1999.

F. Schaffalitzky and A. Zisserman, “Planar grouping for automatic detection
of vanishing lines and points,” IVC, vol. 18, pp. 647-658, 2000.

F. Schaffalitzky and A. Zisserman, “Multi-view matching for unordered image
sets, or “How do I organize my holiday snaps?”,” in ECCV, pp. 414-431,
Springer-Verlag, 2002.

D. Schattschneider, “The plane symmetry groups: their recognition and nota-
tion,” American Mathematical Monthly, vol. 85, pp. 439-450, 1978.

D. Schattschneider, Visions of Symmetry. New York: Freeman, 1998.

D. Schattschneider, M. C. Escher: Visions of Symmetry. Harry N. Abrams,
2nd Edition, 2004.

D. Schattschneider, “Coxeter and the artists: Two-way inspiration,” in The
Cozeter Legacy: Reflections and Projections, number 46, (C. Davis and E. W.
Ellers, eds.), pp. 255-280, Fields Institute Communications, 2006.

J. E. Scheib, S. W. Gangestad, and R. Thornhill, “Facial attractiveness, sym-
metry and cues of good genes,” Proceedings of the Royal Society of London,
B, vol. 266, pp. 1913-1918, 1999.

G. Schindler, P. Krishnamurthy, R. Lublinerman, Y. Liu, and F. Dellaert,
“Detecting and matching repeated patterns for automatic geo-tagging in
urban environments,” in IEEE Computer Vision and Pattern Recognition
(CVPR 2008), pp. 1-8, 2008.

G. L. Scott, S. C. Turner, and A. Zisserman, “Using a mixed wave/diffusion
process to elicit the symmetry set,” Image Vision Computing, vol. 7, no. 1,
pp. 63-70, 1989.

P. Seitz, “The robust recognition of object primitives using local axes of sym-
metry,” Signal Processing, vol. 18, pp. 89-108, 1989.

S. M. Seitz and C. R. Dyer, “View morphing,” SIGGRAPH, pp. 21-30, 1996.
S. M. Seitz and C. R. Dyer, “View-invariant analysis of cyclic motion,” Inter-
national Journal of Computer Vision, vol. 25, pp. 1-23, 1997.

J. Semple and G. Kneebone, Algebraic Projective Geometry. Clarendon, 1979.
C. H. Séquin, “Parameterized sculpture families,” in The Visual Mind II,
(M. Emmer, ed.), pp. 527-545, Cambridge, Massachussetts: The MIT Press,
2005.

D. Shechtman, I. Blech, D. Gratias, and J. W. Cahn, “Metallic phase
with long-range orientational order and no translational symmetry,” Physi-
cal Review Letters, vol. 53, pp. 1951-1953, November 1984.

K. Siddiqi and B. B. Kimia, “A shock grammar for recognition,” in CVPR 96:
Proceedings of the 1996 Conference on Computer Vision and Pattern Recog-
nition (CVPR ’96), pp. 507-513, 1996.

K. Siddigi and S. Pizer, eds., Medial Representations: Mathematics, Algo-
rithms and Applications. Springer, Series: Computational Imaging and Vision,
vol. 37, 2008.



Full text available at: http://dx.doi.org/10.1561/0600000008

196

[250]

[251]

[252]

[253]

[254]

[255]

[256]

[257]

[258]

[259]

260]

[261]

[262]

[263]

[264]

References

K. Siddiqi, A. Shokoufandeh, S. Dickinson, and S. Zucker, “Shock graphs and
shape matching,” International Journal of Computer Vision, vol. 30, pp. 1-24,
1999.

K. Sookocheff and D. Mould, “One-click lattice extraction from near-regular
texture,” in GRAPHITE ’05: Proceedings of the 3rd International Conference
on Computer Graphics and Interactive Techniques in Australasia and South
East Asia, pp. 265-268, New York, NY, USA: ACM Press, 2005.

B. Springborn, P. Schréoder, and U. Pinkall, “Conformal equivalence of triangle
meshes,” in SIGGRAPH ’08: ACM SIGGRAPH 2008 papers, pp. 1-11, New
York, NY, USA: ACM, 2008.

J. S. Stahl and S. S.Wang, “Globally optimal grouping for symmetric closed
boundaries by combining boundary and region information,” IEEE Transac-
tions on Pattern Analysis and Machine Intelligence (TPAMI), vol. 30, no. 3,
pp. 395-411, 2008.

M. A. Steinberg and D. Avnir, “Continuous symmetry analysis of nmr chemi-
cal shielding anisotropy,” Chemistry — A European Journal, vol. 12, pp. 8534~
8538, 2006.

S. Tari, J. Shah, and H. Pien, “Extraction of shape skeletons from grayscale
images,” Computer Vision and Image Understanding, vol. 66, no. 2, pp. 133—
146, 1997.

D. Terzopoulos, A. Witkin, and M. Kass, “Symmetry-seeking models and
3d object reconstruction,” International Journal of Computer Vision, vol. 1,
pp. 211-221, 1987.

L. Teverovskiy, J. Becker, O. Lopez, and Y. Liu, “Quantified brain asymmetry
for age estimation of normal and AD/MCI subjects,” in 2008 IEEE Interna-
tional Symposium on Biomedical Imaging: Nano to Macro, pp. 1509-1512,
2008.

R. Thornhill and S. W. Gangestad, “Facial attractiveness,” Transactions in
Cognitive Sciences, vol. 3, no. 12, pp. 452-460, December 1999.

S. Thrun and B. Wegbreit, “Shape from symmetry,” in ICCV, pp. 1824-1831,
2005.

N. F. Troje and H. H. Buelthoff, “How is bilateral symmetry of human faces
used for recognition of novel views?,” Vision Research, vol. 38, no. 1, pp. 79—
89, 1998.

W. H. Tsai and S. L. Chou, “Detection of generalized principal axes in rota-
tionally symmetric shapes,” Pattern Recognition, vol. 24, pp. 95-104, 1991.
Y. Tsin, Y. Liu, and V. Ramesh, “Texture replacement in real images,” in
Proceedings of IEEE Computer Society Conference on Computer Vision and
Pattern Recognition (CVPR’01), pp. 539-544, Kauai: IEEE Computer Society
Press, December 2001.

M. Tuceryan and A. K. Jain, “Texture Analysis, The Handbook of Pattern
Recognition and Computer Vision (2nd Edition),” chapter 2.1, pp. 207, 248,
World Scientific Publishing Co., (C. H. Chen, L. F. Pau, and P. S. P. Wang,
eds.), 1998.

A. Turina, T. Tuytelaars, and L. Van Gool, “Efficient grouping under perspec-
tive skew,” in Proceedings of IEEE Computer Society Conference on Computer



Full text available at: http://dx.doi.org/10.1561/0600000008

[265]
[266]

267

[268]
[269]

[270]

[271]

[272]

[273]
[274]
[275]

[276]
[277]
[278]

279

[280]

[281]

[282]

References 197

Vision and Pattern Recognition (CVPR’01), Kauai: IEEE Computer Society
Press, December 2001.

M. Turk and A. Pentland, “Eigenfaces for recognition,” Journal of Congnitive
Neuroscience, vol. 3, no. 1, pp. 71-86, 1991.

T. Tuytelaars, M. Proesmans, and L. Van Gool, “The cascaded hough trans-
forms,” in ICIP, pp. 736—739, 1998.

T. Tuytelaars, A. Turina, and L. Van Gool, “Noncombinatorial detection of
regular repetitions under perspective skew,” PAMI, vol. 25, no. 4, pp. 418-432,
2003.

C. W. Tyler, ed., Human Symmetry Perception and its Computational Anal-
ysts. The Netherlands: VSP, Utrecht, 1996.

L. Van Gool, “Projective subgroups for grouping,” Philosophical Transactions
of the Royal Society London, vol. A(356), pp. 1252-1266, 1998.

L. Van Gool, T. Moons, and M. Proesmans, “Mirror and point symmetry
under perspective skewing,” in The Proceedings of CVPR, pp. 285-292, IEEE
Computer Society, 1996.

L. Van Gool, T. Moons, D. Ungureanu, and A. Oosterlinck, “The charac-
terization and detection of skewed symmetry,” Computer Vision and Image
Understanding, vol. 61, no. 1, pp. 138-150, 1995.

A. A. Vasilier, “Recognition of symmetrical patterns in images,” in Inter-
national Conference on Pattern Recognition, pp. 1138-1140, Montreal, July
1984.

M. von Gagern and J. Richter-Gebert, “Hyperbolization of euclidean orna-
ments,” The Electronic Journal of Combinatorics, vol. 16, no. 2, 2009.

D. K. Washburn and D. W. Crowe, Symmetries of Culture: Theory and Prac-
tice of Plane Pattern Analysis. University of Washington Press, 1991.

J. D. Watson and F. Crick, “The molecular structure of nucleic acids: A struc-
ture for deoxyribose nucleic acid,” Nature, vol. 171, pp. 737-738, 1953.

M. J. Wenninger, Polyhedron Models. Cambridge University Press, 1974.

H. Weyl, Symmetry. Princeton, New Jersey: Princeton University Press, 1952.
J. Winn, A. Criminisi, and T. Minka, “Object categorization by learned
universal visual dictionary,” in IEEE International Conference on Computer
Vision (ICCV), 2005.

J. Wolter, T. Woo, and R. Volz, “Optimal algorithms for symmetry detec-
tion in two and three dimensions,” The Visual Computer, vol. 1, pp. 3748,
1985.

A.Y. Yang, W. Hong, and Y. Ma, “Structure and pose from single images of
symmetric objects with applications to robot navigation,” in Proceedings of
the International Conference on Robotics and Automation, 2003.

A.Y. Yang, K. Huang, S. Rao, and Y. Ma, “Symmetry-based 3-d reconstruc-
tion from perspective images,” Computer Vision and Image Understanding,
vol. 99, no. 2, pp. 210-240, 2005.

A. Y. Yang, S. Rao, W. Hong, and Y. Ma, “Geometric segmentation of per-
spective images based on symmetry group,” in Proceedings of the International
Conference on Computer Vision, 2003.



Full text available at: http://dx.doi.org/10.1561/0600000008

198

[283]

[284]

[285]

[286]

[287]

[288]

[289)]

[290]

[291]
[292]
[293]

[294]

[295]

[296]

[297]

298]

[299]

References

A.Y. Yang, K. Huang, S. Rao, W. Hong, and Y. Ma, “Symmetry-based 3-d
reconstruction from perspective images,” Computer Vision and Image Under-
standing, vol. 99, no. 2, pp. 210-240, 2005.

R. Ye, J. Ma, and H. Li, “Symmetric tiling patterns with the extended
picard group in three-dimensional space,” in Computer Graphics Interna-
tional, pp. 486—493, 2006.

R. Ye, Y. Zou, and J. Lu, “Fractal tiling with the extended modular group,”
in Computational and Information Science, volume 3314 of Lecture Notes in
Computer Science, pp. 286—291, Berlin/Heidelberg: Springer, 2004.

J. Yen and C. Séquin, “Escher sphere construction kit,” in 13D ’01: Proceedings
of the 2001 Symposium on Interactive 3D Graphics, pp. 95-98, New York, NY,
USA: ACM Press, 2001.

E. Yodogawa, “Symmetropy, an entropy-like measure of visual symmetry,”
Perception and Psychophysics, vol. 32, no. 3, pp. 230-240, 1982.

D. Yogev-Einot and D. Avnir, “Quantitative symmetry and chirality of the
molecular building blocks of quartz,” Chemistry of Materials, vol. 15, pp. 464—
472, 2003.

D. Yogev-Einot and D. Avnir, “Pressure and temperature effects on the degree
of symmetry and chirality of the molecular building blocks of low quartz,” Acta
Crystallographica, vol. B60, pp. 163-173, 2004.

D. Yogev-Einot and D. Avnir, “The temperature-dependent optical activity
of quartz: from le chatelier to chirality measures,” Tetrahedron: Asymmetry,
vol. 17, pp. 2723-2725, 2006.

S. Y. K. Yuen, “Shape from contour using symmetries,” in European Confer-
ence on Computer Vision, pp. 437-453, Antibes, April 1990.

H. Zabrodsky, “Symmetry — A review,” Technical Report TR-90-16, Dept.
of Computer Science, Hebrew University, Jerusalem, Israel, May 1990.

H. Zabrodsky and D. Algom, “Continuous symmetry: A model for human
figural perception,” Spatial Vision, vol. 8, no. 4, pp. 455-467, 1994.

H. Zabrodsky and D. Avnir, “Measuring symmetry in structural chemistry,” in
Advanced Molecular Structure Research, vol. 1, (I. Hargittai, ed.), Greenwich,
CT: JAI Press, 1993.

H. Zabrodsky and D. Avnir, “Continuous symmetry measures, iv: Chirality,”
Journal of the American Chemical Society, vol. 117, pp. 462-473, 1995.

H. Zabrodsky, S. Peleg, and D. Avnir, “Continuous symmetry measures,”
Journal of the American Chemical Society, vol. 114, pp. 7843—-7851, September
1992.

H. Zabrodsky, S. Peleg, and D. Avnir, “Hierarchical symmetry,” in Interna-
tional Conference on Pattern Recognition, vol. C: Image, Speech, and Signal
Analysis, pp. 9-12, The Hague, August—September 1992.

H. Zabrodsky, S. Peleg, and D. Avnir, “A measure of symmetry based on shape
similarity,” in IEEE Conference on Computer Vision and Pattern Recognition,
pp- 703-706, Champaign, June 1992.

H. Zabrodsky, S. Peleg, and D. Avnir, “Completion of occluded shapes using
symmetry,” in IEEE Conference on Computer Vision and Pattern Recogni-
tion, pp. 678-679, New York, June 1993.

i



Full text available at: http://dx.doi.org/10.1561/0600000008

[300]

301]

(302]

[303]

(304]

305]

306]

(307]

308]

References 199

H. Zabrodsky, S. Peleg, and D. Avnir, “Continuous symmetry measures II:
Symmetry groups and the tetrahedron,” Journal of the American Chemical
Society, vol. 115, pp. 8278-8289, 1993.

H. Zabrodsky, S. Peleg, and D. Avnir, “Continuous symmetry for shapes,” in
Aspects of Visual Form Processing, (C. Arcelli, L. Cordella, and G. Sanniti
di Baja, eds.), pp. 594-613, World Scientific, 1994. Proceedings of the 2nd
Int. Work. Visual Form, Capri, Italy.

H. Zabrodsky, S. Peleg, and D. Avnir, “Symmetry of fuzzy data,” in Inter-
national Conference on Pattern Recognition, pp. 499-504, Tel-Aviv, Israel,
October 1994.

H. Zabrodsky, S. Peleg, and D. Avnir, “Symmetry as a continuous feature,”
IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 17,
no. 12, pp. 1154-1165, December 1995.

H. Zabrodsky and D. Weinshall, “3D symmetry from 2D data,” in European
Conference on Computer Vision, Stockholm, Sweden, May 1994.

H. Zabrodsky and D. Weinshall, “Using bilateral symmetry to improve 3D
reconstruction from image sequences,” Computer Vision and Image Under-
standing, vol. 67, no. 1, pp. 48-57, 1997.

D. W. Zaidel, S. M. Aarde, and K. Baig, “Appearance of symmetry, beauty,
and health in human faces,” Brain and Cognition, vol. 57, no. 3, pp. 261-263,
2005.

T. Zielke, M. Brauckmann, and W. von Seelen, “Intensity and edge-based sym-
metry detection applied to car-following,” in European Conference on Com-
puter Vision, pp. 865—873, Santa Margherita, May 1992.

S. W. Zucker, “Toward a model of texture,” CGIP, vol. 5, no. 2, pp. 190-202,
June 1976.



	Introduction
	What is symmetry?
	Why is symmetry relevant to computational science?
	Why is computational symmetry challenging?
	Historical Perspective
	Organization of this Survey

	Symmetry and Symmetry Groups
	Symmetry in Euclidean Space
	Symmetry in Affine and Projective Spaces
	Symmetry in non-Euclidean Geometry

	Symmetry Detection
	Symmetry Detection by Methods
	Symmetry Detection by Symmetry Types
	Quantitative Comparison of Symmetry Detection Algorithms

	Near Regular Texture (NRT)
	NRT Formalization
	NRT Quantification
	NRT Applications
	Discovery of NRTs in the Real World: Deformed-Lattice Extraction
	Dynamic NRTs

	Continuous Symmetry
	Measuring Symmetry as a Continuous Feature
	Facial Asymmetry as a Biometric
	Statistical Brain Asymmetry from Volumetric Images

	Symmetry in Graphics
	Kaleidoscopes
	Tilings
	Ornamental Design
	Non-Euclidean Geometry
	Polyhedra and Sculpture
	Chaos and Fractals

	Summary
	Acknowledgements
	References



