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Abstract

High quality image synthesis is a long-standing goal in computer graph-
ics. Complex lighting, reflection, shadow and global illumination effects
can be rendered with modern image synthesis algorithms, but those
methods are focused on offline computation of a single image. They are
far from interactive, and the image must be recomputed from scratch
when any aspect of the scene changes. On the other hand, real-time
rendering often fixes the object geometry and other attributes, such as
relighting a static image for lighting design. In these cases, the final
image or rendering is a linear combination of basis images or radi-
ance distributions due to individual lights. We can therefore precompute
offline solutions to each individual light or lighting basis function, com-
bining them efficiently for real-time image synthesis. Precomputation-
based relighting and radiance transfer has a long history with a spurt
of renewed interest, including adoption in commercial video games,
due to recent mathematical developments and hardware advances. In
this survey, we describe the mathematical foundations, history, current
research and future directions for precomputation-based rendering.
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1

Introduction

High quality image synthesis is one of the oldest goals of computer
graphics. A standard to aspire for is often referred to as photorealism —
rendering images indistinguishable from real photographs. Achiev-
ing this goal requires considering a variety of complicated shading
effects in the real world, such as complex natural illumination from
a skylit scene, soft shadows from the leaves of a tree in sunlight,
glossy reflections from a velvet cushion, and caustics from a wine-
glass. Three decades of research in offline global illumination algorithms
has enabled substantial progress towards these goals, and a variety of
complex lighting, reflection, shadow and global illumination effects can
be rendered. The evidence is for all to see in the form of completely
computer-generated movies, or the increasing use of computer graphics
in the movie industry to seamlessly combine live action and synthetic
elements.

There is another class of applications however, that requires real-
time performance. Examples include video games, lighting design for
architects and animators, interactive simulation and training, visualiza-
tion of artifacts for archaeology and e-commerce, and virtual worlds.
Historically, there has been a large chasm between interactivity and

1
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2 Introduction

realism. While offline computer graphics rendering achieved more and
more realistic effects, real-time imagery focused on increasing raw per-
formance for geometry and textures. Interactive applications usually
did not include complex natural lighting, realistic materials or accu-
rate shading — indeed, cast shadows and global illumination were often
completely missing in real-time rendering.

Over the past decade, serious efforts began to be made to bridge this
chasm between photorealism and real-time. Two critical developments
in computing power played a key role. First, graphics hardware became
increasingly fast and flexible. Over a number of years, a new brand of
graphics hardware and graphics processing units or GPUs evolved [16,
84], along with associated programming languages [17, 90, 105]. This
enabled complex shading models and physically realistic computations
to be performed at each vertex or pixel. The focus thus shifted from raw
performance to high quality real-time image synthesis; an early paper in
this direction is by Heidrich and Seidel [56], and a survey on this topic
is by Kautz [67]. A second important development was the retargetting
of traditional global illumination and ray tracing methods to modern
CPU and GPU hardware. More efficient algorithms adapted to modern
hardware, coupled with several iterations of Moore’s law, enabled the
first methods for real-time ray tracing [54, 106, 114, 131, 135, 136, 149].
A good recent survey of the work on the topic, including animated
scenes, is the STAR report by Wald et al. [137].

However, many complex shading effects still proved quite difficult
to address at real-time rates. A key challenge is the complexity of
illumination. Real scenes are lit, not by a single point light source, but
by multiple lights including area sources (and even virtual lights for
instant global illumination [73]). Moreover, over the last decade, there
has been substantial interest in high-dynamic range representations of
full incident illumination, known as an environment map [15, 28, 93],
where each of the million or more pixels can be viewed as a light source.
Furthermore, area and environment lighting create a new type of look,
involving more diffuse shading and softer shadows, that is often a desir-
able mood. However, rendering with multiple lights involves adding
up or integrating their contributions. Even if we had an interactive
method for a single light source, it will become very slow once we
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3

consider the hundreds to thousands of lights needed for realistic incident
illumination.

This survey is about a class of techniques that use precomputation
to address the challenge of complex illumination. They are collectively
referred to as precomputation-based relighting or precomputed radiance
transfer (PRT). The key idea is that the final radiance distribution
in the scene is linear in the individual light sources — we can first
simply render or precompute the results offline for each light source or
lighting basis function, and then rapidly sum up the results in a second
real-time phase. Of course, doing this efficiently, especially when there
are thousands of basis lights as in an environment map, is non-trivial
and an important intellectual challenge.

It is important to note the key distinction between offline rendering
and PRT. Traditional global illumination takes as input the geometry,
view, lighting and object material properties, and can produce very
realistic images, albeit slowly. However, the algorithm must be re-run
completely when any of these attributes change. In real-time rendering
applications, we must be able to update the image interactively when,
for example, illumination changes, but can often assume that other
properties like object geometry remain fixed. Indeed, a precomputation-
based approach does require fixing certain scene attributes. The earliest
techniques allowed only the lighting to be dynamic, with viewpoint,
geometry and materials all fixed. These are essentially approaches for
image relighting, and the initial seminal work in this area by Nimeroff
et al. [99], Dobashi et al. [34], and Dorsey et al. [35] was motivated by
applications like a time-sequence of a scene lit by natural illumination,
and the interactive design of operatic stage lighting.

Starting in 2002, with the publication of a seminal paper by Sloan
et al. [121], the term “precomputed radiance transfer (PRT)” became
common in computer graphics and a topic of renewed interest. One
key innovation was the ability to address complex broad-area environ-
ment lighting, based on spherical harmonic representations inspired
by a theoretical result the previous year on reflection as convolu-
tion [11, 108, 110]. A second important idea was to represent the radi-
ance distribution on geometric meshes, enabling the idea to progress
from 2D image relighting to rendering on 3D graphics hardware.
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4 Introduction

Fig. 1.1 Some examples of the types of renderings produced by Precomputed Radiance

Transfer systems. The lighting can be varied dynamically with a variety of complex reflection

and shadowing effects rendered in real-time. The image on the left is from the seminal initial
work of Sloan et al. [121], while the image on the right is for relighting from a detailed

illumination cubemap while preserving shadow and other features at all frequencies [96].

To enable precomputation, the geometry of the scene is assumed fixed in these examples.

Example images from early PRT algorithms [96, 121] are shown in
Figure 1.1.

Since its inception, precomputed radiance transfer has led to a large
number of papers as well as commercial adoption, with a number of
video game companies (e.g., Microsoft and Bungie) incorporating vari-
ants, and a version included in Microsoft’s DirectX 9 Utility Library.
It has also led to a variety of new theoretical insights on basis repre-
sentations and decompositions and analyses of light transport, that are
broadly applicable to other domains as well. In this survey, we present
a unified mathematical view of precomputation-based rendering, while
discussing its motivation, history, and current and future research direc-
tions. Advanced readers may also be interested in a deeper technical
discussion of a framework for precomputed and captured light trans-
port by Lehtinen [79].

The remainder of this survey is organized as follows. Section 2 dis-
cusses background on the rendering equation and early seminal work
in precomputation-based image relighting. Section 3 describes early
and recent work on environment maps, a spherical distribution of the
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lighting in the scene. We also discuss key theoretical results developed
in 2001, that showed that an effective representation of light reflection
could be achieved using spherical harmonics. Section 4 introduces the
2002 paper by Sloan et al. [121] that has spurred much of the recent
work in PRT. Section 5 describes different types of basis representations
and compressions that have since been applied to precomputed light
transport. Section 6 discusses the relaxation of a number of restric-
tions including varying viewpoint, materials and dynamic geometry.
Section 7 describes some of the recent work on variants of PRT, that
address issues like global illumination, lighting design, and volumetric
scattering. Following this, Section 8 discusses future research directions.
We conclude the survey in Section 9.
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[116] P. Schröder and W. Sweldens, “Spherical wavelets: Efficiently representing
functions on the sphere,” in Proceedings of SIGGRAPH 95, pp. 161–172, 1995.

[117] F. Sillion, J. Arvo, S. Westin, and D. Greenberg, “A global illumination solu-
tion for general reflectance distributions,” in Proceedings of SIGGRAPH 91,
pp. 187–196, 1991.

[118] P. Sloan, “Stupid spherical harmonics tricks,” http://www.ppsloan.org/
publications/StupidSH36.pdf.

[119] P. Sloan, “Normal mapping for precomputed radiance transfer,” ACM
Symposium on Interactive 3D Graphics and Games, 2006.

[120] P. Sloan, J. Hall, J. Hart, and J. Snyder, “Clustered principal components for
precomputed radiance transfer,” ACM Transactions on Graphics, Proceedings
of SIGGRAPH 03, vol. 22, no. 3, pp. 382–391, 2002.

[121] P. Sloan, J. Kautz, and J. Snyder, “Precomputed radiance transfer for
real-time rendering in dynamic, low-frequency lighting environments,” ACM
Transactions on Graphics, Proceedings of SIGGRAPH 02, vol. 21, no. 3,
pp. 527–536, 2002.

[122] P. Sloan, X. Liu, H. Shum, and J. Snyder, “Bi-Scale radiance transfer,” ACM
Transactions on Graphics, Proceedings of SIGGRAPH 03, vol. 22, no. 3,
pp. 370–375, 2003.

[123] P. Sloan, B. Luna, and J. Snyder, “Local, deformable precomputed radiance
transfer,” ACM Transactions on Graphics, Proceedings of SIGGRAPH 05,
vol. 24, no. 3, pp. 1216–1224, 2005.

[124] E. Stollnitz, T. DeRose, and D. Salesin, Wavelets for Computer Graphics:
Theory and Applications. Morgan Kaufmann, 1996.

[125] B. Sun and R. Ramamoorthi, “Affine double and triple product wavelet
integrals for rendering,” ACM Transaction on Graphics, vol. 28, no. 2, 2009.

[126] B. Sun, R. Ramamoorthi, S. Narasimhan, and S. Nayar, “A practical ana-
lytic single scattering model for real-time rendering,” ACM Transactions on
Graphics, Proceedings of SIGGRAPH 05, vol. 24, no. 3, pp. 1040–1049, 2005.

[127] B. Sun, K. Sunkavalli, R. Ramamoorthi, P. Belhumeur, and S. Nayar,
“Time-varying BRDFs,” IEEE Transactions on Visualization and Computer
Graphics, vol. 13, no. 3, pp. 595–609, 2007.

[128] W. Sun and A. Mukherjee, “Generalized wavelet product integral for render-
ing dynamic glossy objects,” ACM Transactions on Graphics, Proceedings of
SIGGRAPH 06, vol. 25, no. 3, pp. 955–966, 2006.

[129] X. Sun, K. Zhou, Y. Chen, S. Lin, J. Shi, and B. Guo, “Interactive relight-
ing with dynamic BRDFs,” ACM Transactions on Graphics, Proceedings of
SIGGRAPH 07, vol. 26, no. 3, pp. 1–10, (Article 27), 2007.

[130] X. Sun, K. Zhou, E. Stollnitz, J. Shi, and B. Guo, “Interactive relighting of
dynamic refractive objects,” ACM Transactions on Graphics, Proceedings of
SIGGRAPH 08, vol. 27, no. 3, pp. 1–9 (Article 35), 2008.

Full text available at: http://dx.doi.org/10.1561/0600000021



References 91

[131] S. Teller and J. Alex, “Frustum casting for progressive, interactive rendering,”
Technical Report, MIT/LCS/TR-740, MIT, 1998.

[132] P. Teo, E. Simoncelli, and D. Heeger, “Efficient linear re-rendering for interac-
tive lighting design,” Technical Report, STAN-CS-TN-97-60, Stanford, 1997.

[133] Y. Tsai and Z. Shih, “All-frequency precomputed radiance transfer using
spherical radial basis functions and clustered tensor approximation,” ACM
Transactions on Graphics, Proceedings of SIGGRAPH 06, vol. 25, no. 3,
pp. 967–976, 2006.

[134] Y. J. W. Feng, L. Peng and Y. Yu, “Large-scale data management for PRT-
based real-time rendering of dynamically skinned models,” EuroGraphics Sym-
posium on Rendering, 2007.

[135] I. Wald, T. Ize, A. Kensler, A. Knoll, and S. G. Parker, “Ray tracing ani-
mated scenes using coherent grid traversal,” ACM Transactions on Graphics,
Proceedings of SIGGRAPH 06, vol. 25, no. 3, pp. 485–493, 2006.

[136] I. Wald, W. R. Mark, J. Günther, S. Boulos, T. Ize, W. Hunt, S. G. Parker,
and P. Shirley, “State of the art in ray tracing animated scenes,” in STAR
Proceedings of Eurographics 07, (D. Schmalstieg and J. Bittner, eds.), pp. 89–
116, The Eurographics Association, September 2007.

[137] I. Wald, P. Slusallek, C. Benthin, and M. Wagner, “Interactive rendering with
coherent ray tracing,” Computer Graphics Forum, vol. 20, no. 3, pp. 153–164,
2001.

[138] J. Wang, X. Tong, S. Lin, M. Pan, C. Wang, H. Bao, B. Guo, and H. Shum,
“Appearance manifolds for modeling time-variant appearance of materials,”
ACM Transactions on Graphics, vol. 25, no. 3, pp. 754–761, 2006.

[139] J. Wang, K. Xu, K. Zhou, S. Lin, S. Hu, and B. Guo, “Spherical harmonics
scaling,” The Visual Computer, Pacific Graphics 06, vol. 22, no. 9–11, pp. 713–
720, 2006.

[140] L. Wang, W. Wang, J. Dorsey, X. Yang, B. Guo, and H. Shum, “Real-time
rendering of plant leaves,” ACM Transactions on Graphics, Proceedings of
SIGGRAPH 05, vol. 24, no. 3, pp. 712–719, 2005.

[141] R. Wang, E. Cheslack-Potava, R. Wang, D. Luebke, Q. Chen, W. Hua,
Q. Peng, and H. Bao, “Real-time editing and relighting of homogeneous
translucent materials,” The Visual Computer, CGI 08, vol. 24, no. 7–9,
pp. 565–575, 2008.

[142] R. Wang, R. Ng, D. Luebke, and G. Humphreys, “Efficient wavelet rota-
tion for environment map rendering,” EuroGraphics Symposium on Rendering,
pp. 173–182, 2006.

[143] R. Wang, J. Tran, and D. Luebke, “All-frequency relighting of non-diffuse
objects using separable BRDF approximation,” EuroGraphics Symposium on
Rendering, pp. 345–354, 2004.

[144] R. Wang, J. Tran, and D. Luebke, “All-frequency interactive relighting of
translucent objects with single and multiple scattering,” ACM Transactions
on Graphics, Proceedings of SIGGRAPH 05, vol. 24, no. 3, pp. 1202–1207,
2005.

[145] R. Wang, J. Tran, and D. Luebke, “All-frequency relighting of glossy objects,”
ACM Transactions on Graphics, vol. 25, no. 2, pp. 293–318, 2006.

Full text available at: http://dx.doi.org/10.1561/0600000021



92 References

[146] R. Wang, J. Zhu, and G. Humphreys, “Precomputed radiance transfer for real-
time indirect lighting using a spectral mesh basis,” EuroGraphics Symposium
on Rendering, 2007.

[147] T. Whitted, “An improved illumination model for shaded display,” Commu-
nications of the ACM, vol. 23, no. 6, pp. 343–349, 1980.

[148] D. Wood, D. Azuma, K. Aldinger, B. Curless, T. Duchamp, D. Salesin, and
W. Stuetzle, “Surface light fields for 3D photography,” in Proceedings of SIG-
GRAPH 00, pp. 287–296, 2000.

[149] S. Woop, J. Schmittler, and P. Slusallek, “RPU: a programmable ray process-
ing unit for realtime ray tracing,” ACM Transactions on Graphics, Proceedings
of SIGGRAPH 05, vol. 24, pp. 434–444, August 2005.

[150] K. Zhou, Y. Hu, S. Lin, B. Guo, and H. Shum, “Precomputed shadow fields for
dynamic scenes,” ACM Transactions on Graphics, Proceedings of SIGGRAPH
05, vol. 24, no. 3, pp. 1196–1201, 2005.

Full text available at: http://dx.doi.org/10.1561/0600000021


	Introduction
	Background and Basic Precomputation Method
	Reflection Equation
	Rendering Equation
	Precomputation-Based Image Relighting

	Environment Maps
	Reflection and Environment Mapping
	Reflection as Convolution
	Spherical Harmonics

	Precomputed Radiance Transfer
	Challenges and Assumptions
	Precomputed Radiance Transfer Algorithm

	Basis Representations and Compression
	Overview: Relighting as Matrix-Vector Multiplication
	All-Frequency Relighting: Wavelet Lighting Approx.
	Transport Compression: Clustered Principal Components

	Dynamic Lighting, View, Materials, Geometry
	All-Frequency Relighting with Changing View
	Dynamic Materials and BRDF Editing
	Dynamic Scenes and Deforming Geometry
	Discussion and Limitations

	Extensions
	Future Research
	Conclusion
	Acknowledgments
	References



