Full text available at: http://dx.doi.org/10.1561/0100000071

Two-User Gaussian
Interference Channels: An
Information Theoretic
Point of View
Xiaohu Shang
Bell Labs, Alcatel-Lucent
xiaohu.shang@alcatel-lucent.com
Biao Chen
Syracuse University
bichen@syr.edu

Boston — Delft

Full text available at: http://dx.doi.org/10.1561/0100000071

Foundations and Trends R in Communications and
Information Theory
Published, sold and distributed by:
now Publishers Inc.
PO Box 1024
Hanover, MA 02339
United States
Tel. +1-781-985-4510
www.nowpublishers.com
sales@nowpublishers.com
Outside North America:
now Publishers Inc.
PO Box 179
2600 AD Delft
The Netherlands
Tel. +31-6-51115274
The preferred citation for this publication is
X. Shang and B. Chen. Two-User Gaussian Interference Channels: An
Information Theoretic Point of View. Foundations and Trends R in
Communications and Information Theory, vol. 10, no. 3, pp. 247–378, 2013.
This Foundations and Trends R issue was typeset in LATEX using a class file designed
by Neal Parikh. Printed on acid-free paper.
ISBN: 978-1-60198-733-4
c 2013 X. Shang and B. Chen
All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, mechanical, photocopying, recording
or otherwise, without prior written permission of the publishers.
Photocopying. In the USA: This journal is registered at the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923. Authorization to photocopy items for
internal or personal use, or the internal or personal use of specific clients, is granted by
now Publishers Inc for users registered with the Copyright Clearance Center (CCC). The
‘services’ for users can be found on the internet at: www.copyright.com
For those organizations that have been granted a photocopy license, a separate system
of payment has been arranged. Authorization does not extend to other kinds of copying, such as that for general distribution, for advertising or promotional purposes, for
creating new collective works, or for resale. In the rest of the world: Permission to photocopy must be obtained from the copyright owner. Please apply to now Publishers Inc.,
PO Box 1024, Hanover, MA 02339, USA; Tel. +1 781 871 0245; www.nowpublishers.com;
sales@nowpublishers.com
now Publishers Inc. has an exclusive license to publish this material worldwide. Permission
to use this content must be obtained from the copyright license holder. Please apply to
now Publishers, PO Box 179, 2600 AD Delft, The Netherlands, www.nowpublishers.com;
e-mail: sales@nowpublishers.com

Full text available at: http://dx.doi.org/10.1561/0100000071

Foundations and Trends R in Communications
and Information Theory
Volume 10, Issue 3, 2013
Editorial Board
Editor-in-Chief
Sergio Verdú
Princeton University
United States

Editors
Venkat Anantharam
UC Berkeley

Tara Javidi
UC San Diego

Shlomo Shamai
Technion

Helmut Bölcskei
ETH Zurich

Ioannis Kontoyiannis
Athens University
of Economy and Business

Amin Shokrollahi
EPF Lausanne

Giuseppe Caire
USC
Daniel Costello
University of Notre Dame
Anthony Ephremides
University of Maryland
Alex Grant
University of South
Australia

Gerhard Kramer
TU Munich
Sanjeev Kulkarni
Princeton University
Amos Lapidoth
ETH Zurich
Bob McEliece
Caltech

Andrea Goldsmith
Stanford University

Muriel Medard
MIT

Albert Guillen i Fabregas
Pompeu Fabra University

Neri Merhav
Technion

Dongning Guo
Northwestern University

David Neuhoff
University of Michigan

Dave Forney
MIT

Alon Orlitsky
UC San Diego

Te Sun Han
University of Tokyo

Yury Polyanskiy
MIT

Babak Hassibi
Caltech

Vincent Poor
Princeton University

Michael Honig
Northwestern University

Maxim Raginsky
UIUC

Johannes Huber
University of Erlangen

Kannan Ramchandran
UC Berkeley

Yossef Steinberg
Technion
Wojciech Szpankowski
Purdue University
David Tse
UC Berkeley
Antonia Tulino
Alcatel-Lucent Bell Labs
Rüdiger Urbanke
EPF Lausanne
Emanuele Viterbo
Monash University
Tsachy Weissman
Stanford University
Frans Willems
TU Eindhoven
Raymond Yeung
CUHK
Bin Yu
UC Berkeley

Full text available at: http://dx.doi.org/10.1561/0100000071

Editorial Scope
Topics
Foundations and Trends R in Communications and Information Theory
publishes survey and tutorial articles in the following topics:
• Coded modulation

• Multiuser detection

• Coding theory and practice

• Multiuser information theory

• Communication complexity

• Optical communication
channels

• Communication system design
• Cryptology and data security
• Data compression
• Data networks
• Demodulation and
Equalization

• Pattern recognition and
learning
• Quantization
• Quantum information
processing
• Rate-distortion theory

• Denoising

• Shannon theory

• Detection and estimation

• Signal processing for
communications

• Information theory and
statistics
• Information theory and
computer science

• Source coding
• Storage and recording codes

• Joint source/channel coding

• Speech and Image
Compression

• Modulation and signal design

• Wireless Communications

Information for Librarians
Foundations and Trends R in Communications and Information Theory, 2013,
Volume 10, 4 issues. ISSN paper version 1567-2190. ISSN online version 15672328. Also available as a combined paper and online subscription.

Full text available at: http://dx.doi.org/10.1561/0100000071

R
Foundations and Trends
in Communications and
Information Theory
Vol. 10, No. 3 (2013) 247–378
c 2013 X. Shang and B. Chen

DOI: 10.1561/0100000071

Two-User Gaussian Interference Channels: An
Information Theoretic Point of View
Xiaohu Shang
Bell Labs, Alcatel-Lucent
xiaohu.shang@alcatel-lucent.com

Biao Chen
Syracuse University
bichen@syr.edu

Full text available at: http://dx.doi.org/10.1561/0100000071

Contents

Notations and Acronyms

2

1 Introduction
1.1 Interference Channel Model . . . . . . . . . . . . . . . . .
1.2 Existing Results for Gaussian Interference Channels . . . .
1.3 Outline of Monograph . . . . . . . . . . . . . . . . . . . .

4
5
7
9

2 Achievable Rate Region
2.1 Han-Kobayashi Rate Region . . . . . . . . . . . . . . . . .
2.2 Some Han-Kobayashi Subregions . . . . . . . . . . . . . .
2.3 The H-K Region for Gaussian Z Interference Channel . . .

11
12
16
23

3 Single-Antenna Gaussian Interference Channels
3.1 Outer Bounds on Capacity Region . . . . . .
3.2 Strong and Very Strong Interference . . . . .
3.3 Noisy Interference . . . . . . . . . . . . . . .
3.4 Z Interference . . . . . . . . . . . . . . . . .
3.5 Mixed Interference and Degraded Interference
3.6 Summary of Capacity Results . . . . . . . . .
3.7 Appendix . . . . . . . . . . . . . . . . . . . .

34
34
42
45
47
48
50
52

ii

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

Full text available at: http://dx.doi.org/10.1561/0100000071

iii
4 Multiple-Antenna Gaussian Interference Channels
4.1 Channel Model and Preliminaries . . . . . . . . .
4.2 Strong Interference . . . . . . . . . . . . . . . .
4.3 Very Strong Interference . . . . . . . . . . . . .
4.4 Generally Strong Interference . . . . . . . . . . .
4.5 Noisy Interference . . . . . . . . . . . . . . . . .
4.6 Mixed Interference . . . . . . . . . . . . . . . . .
4.7 Appendix . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

54
55
64
66
68
99
113
119

5 Conclusion and Related Topics

124

Acknowledgements

126

References

127

Full text available at: http://dx.doi.org/10.1561/0100000071

Abstract
The purpose of this monograph is to introduce up-to-date capacity
theorems for the two-user Gaussian interference channel, including both
single-antenna and multiple-antenna cases.
The monograph starts with the single antenna case and introduces
the Han and Kobayashi achievable rate region and its various subregions. Several capacity outer bounds are then presented; these outer
bounds, together with the achievable rate region, yield several capacity results for the single-antenna Gaussian interference channel. They
include the capacity region for strong interference and the sum-rate
capacity for Z interference, noisy interference, mixed interference, and
degraded interference.
For the more complex multiple-antenna case, the interference state
is no longer determined solely by the interference strength, as is the
case for the single-antenna Gaussian interference channel. Instead, the
structure of the interference in diﬀerent multi-dimensional subspaces
plays an equally important role. As a result of this multiple-dimensional
signaling, new interference states, including generally strong, generally
noisy, and generally mixed interference, are introduced to obtain capacity theorems that generalize those for the single-antenna case.
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Notations and Acronyms

Scalars, vectors and matrices
X
scalar X
x
vector x
X
matrices X
n
x1 , x 2 , . . . , x n }, a sequence of vectors x i ,
x n = {x
x
i = 1, . . . , n
I
identity matrix
k × k identity matrix
I(k)
0
all-zero vector or matrix
0(k)
k × k all-zero matrix
a k × r all-zero matrix
0k×r
transpose of vector x or matrix X
x T or XT
H
H
x or X
conjugate transpose of vector x or matrix X
inverse of matrix X
X−1
x
x 2 = x Tx
x
Euclidean vector norm of x , i.e., x
|X|
determinant of matrix X
tr(X)
trace of matrix X
rank(X)
rank of matrix X
Vec(X)
vectorization of matrix X
radius(X)
numerical radius of matrix X
A⊗B
Kronecker product of matrices A and B
AB
matrices A, B, and A − B are all symmetric and
2
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Notations and Acronyms
positive semi-deﬁnite.
Probability
p(x)
p(x|y)
x ∼ N (0, Σ)
E[X]
Var(X)
x)
Cov(x
x, y )
Cov(x
Information
H(X)
h(X)
I(X; Y )
Other
abs(X)
atan(x)
log(x)
sign(x)

probability density function of random variable X
conditional density function of X given Y
x has a Gaussian distribution with zero mean and
covariance matrix Σ
expectation of random variable X
variance of random variable X
covariance matrix of random vector x
cross covariance matrix of random vectors x and y
theory
entropy of discrete random variable X
diﬀerential entropy of random variable X
mutual information between X and Y

absolute value of X
arctangent function
loge (x)
sign(x) = 1 if x ≥ 0 and −1 if x < 0

3
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1
Introduction

Interference commonly exists in multi-user wireless networks in which
all the users share the same communication medium. While sending
information to its intended receiver, each transmitter generates interference to all other receivers. The existence of interference may heavily
degrade the overall performance of the system. Therefore, each user
has to choose prudently its transmission strategy in order to optimize
the performance of the entire network. Substantial eﬀort has been devoted to understanding the impact of interference and to looking for
capacity-achieving schemes of dealing with interference.
The scope of this monograph is limited to the study of a two-user
Gaussian interference channel with a static setting, i.e., the channel
state is assumed ﬁxed and known to both the transmitters and the
receivers. There have been signiﬁcant eﬀorts in studying more complex
interference channel models, including that of multiple users and/or
with fading channels. Our focus on the simple two-user Gaussian interference channel allows us to explore some of the subtle yet potentially
fundamental aspects of interference in more details. It is not unreasonable to state that our understanding for such a simple channel model
is still rather limited especially in some important parameter regimes

4
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that are of practical signiﬁcance.

1.1

Interference Channel Model

The two-user interference channel (IC) was ﬁrst introduced by Shannon
[55]. This model consists of two pairs of transceivers, in which each
transmitter communicates with its intended receiver while generating
interference at the other receiver. The channel model and its related
encoding decoding functions are deﬁned as follows, for user i, i = 1, 2:
Message set :

Mi = {1, 2, · · · , 2nRi }

Encoding function : Eni : ki → Xin (ki ),
Channel statistics :

p(y1n y2n |xn1 xn2 ) =

ki ∈ Mi

n


p (y1j y2j |x1j x2j )

j=1

Decoding function : Dei : Yin → k̂i
Error probability :

1
2n(R1 +R2 )

nR1 2nR2
2




Pr






k̂1 , k̂2 = (k1 , k2 )

k1 =1 k2 =1



(k1 , k2 ) sent
where n is the block length, Xin = {Xi1 , · · · , Xin } and Yin =
{Yi1 , · · · , Yin } are respectively the transmitted and received signal sequences, ki is the message index and k̂i is its estimate, and Ri is the
transmission rate.
If for a given (R1 , R2 ) pair, there exist encoding and decoding functions such that the error probability is arbitrarily small when n → ∞,
then the rate pair (R1 , R2 ) is achievable. The closure of the collection
of all achievable rate pairs is the capacity region of this IC.
1.1.1

Capacity and Channel Transition Probabilities

Though the channel statistics of an IC is characterized by joint channel transition probability p(y1 y2 |x1 x2 ), the capacity is often determined
by marginal channel transition probabilities p(y1 |x1 x2 ) and p(y2 |x1 x2 ).
The reason is that decoding is performed individually at each receiver.
Therefore, dependence between Y1 and Y2 for a given pair of X1 and X2

Full text available at: http://dx.doi.org/10.1561/0100000071
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does not have impact on the decoding performance. For a GIC, dependence between Y1 and Y2 given X1 and X2 can be introduced through,
and controlled by, the correlation between the additive noises at the
two receivers. Any two GICs with diﬀerent transition probabilities still
have the same capacity as long as their respective marginal transition
probabilities are identical.
1.1.2

Single-Antenna Gaussian Interference Channel

Specializing to the Gaussian case, the received signals can be written
as
Y1 = h1 X1 + f2 X2 + σz1 Z1

(1.1a)

Y2 = h2 X2 + f1 X1 + σz2 Z2

(1.1b)

where for i = 1, 2, hi and fi are channel coeﬃcients known at both
transmitters and receivers, Zi is zero-mean Gaussian noise with unit
variance, σzi is a positive constant, and the transmitted signal Xi is
subject to an average power constraint:
n






2
E Xij
≤ nP̄i .

(1.2)

j=1

It is easy to show that the capacity region of the Gaussian interference
channel (GIC) deﬁned in (1.1) is equivalent to that of the GIC in the
standard form [11]:
Y1 = X1 + a2 X2 + Z1

(1.3a)

Y2 = X2 + a1 X1 + Z2

(1.3b)

where
f2 σz2
h2 σz1
f1 σz1
a2 =
h1 σz2
h2
Pi = 2i P̄i .
σzi
a1 =

(1.4a)
(1.4b)
(1.4c)

The GIC in the standard form is shown in Figure 1.1 where the transmit
signals are subject to respective power constraints P1 and P2 .
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Z1
1

X1

+

Y1

+

Y2

a1
a2
X2
1
Z2
Figure 1.1: The two-user GIC model.

1.2

Existing Results for Gaussian Interference Channels

The IC model was ﬁrst introduced by Shannon [55]. Alshwede [2] derived a limit expression for the capacity region:
⎧
⎪
⎪
⎪
⎨


⎫

1
R1 ≤ lim I (X1n ; Y1n ) ⎪
⎪
⎪

⎬
n→∞ n

(R1 , R2 ) 
.

⎪
⎪
⎪
⎪
1

⎪
⎪
n
n
⎩
lim I (X2 ; Y2 ) ⎭
R2 ≤ n→∞

(1.5)

n

However, the practical signiﬁcance of the above limit expression for
the capacity region is not clear. Attempting to directly evaluate the
limit expression of channel capacity is known to be a fruitless exercise
[13]. Even for the simple case of the Gaussian multiple access channel,
calculating the capacity using the limit expression was shown to yield
a rate region that is strictly smaller than the capacity region when
the input is limited to multivariate Gaussian distributions. This is despite the fact that Gaussian input achieves the single-letter expressed
capacity region of the Gaussian multiple access channel. For two-user
GIC, except for the noisy-interference case, multivariate Gaussian input distribution was also shown to be sum-rate sub-optimal using the
limit expressions [1], even though Gaussian input distribution indeed
achieves the sum-rate capacity for strong interference. As such, one
can not expect that the limit expression for the GIC capacity region
collapses into a single-letter expression that is easy to evaluate, and
provides insight to capacity achieving coding schemes.
Many eﬀorts have thus been devoted to the design of various coding
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schemes that lead to achievable regions with single-letter expressions.
The best inner bound was obtained by Han and Kobayashi [24] using
superposition encoding and joint decoding. This region was later simpliﬁed by Chong, Motani, Garg and El Gamal in [14] and by Kramer
in [29]. Early outer bounds on the capacity region can be found in
[37],[38],[12]. Cooperation and genie-aided outer bounds can be found
in [28], [22], [51], [34], [3]. Etkin, Tse, and Wang showed that the Han
and Kobayashi achievable region is within a half bit per user of the
capacity region [22].
The ﬁrst capacity region of the GIC was obtained by Carleial in [10]
for the very strong interference case, in which the capacity is achieved
by decoding and subtracting interference before decoding the useful
signals. This result was extended to the strong interference case in
[24] and [39], in which receivers jointly decode the interference and the
useful signal to achieve capacity. The sum-rate capacity of the degraded
GIC was obtained in [38]. It was shown in [15] that the capacity region
of a Gaussian Z interference channel (GZIC) is equivalent to that of a
degraded GIC. Therefore, the sum-rate capacity of a GZIC is obtained
directly from [38] (see [36, Theorem 2]). Recently, it was shown in
[51], [34], and [3] that the sum-rate capacity is achieved by treating
interference as noise if the GIC satisﬁes a simple condition. This kind
of GIC is said to have noisy interference. The sum-rate capacity for
GICs with mixed interference was determined in [34] and [61].
On the study of the capacity for the multiple-input multiple-output
(MIMO) GIC and its two special cases, namely, the multiple-input
single-output (MISO) GIC and single-input multiple-output (SIMO)
GIC, Telatar and Tse [58] showed that the Han-Kobayashi region is
within a half bit per user and per receive antenna of the capacity region. Vishwanath and Jafar [60] determined the capacity region for the
SIMO GIC with strong interference. Recent work in [45] and [47] derived the capacity region of a MIMO GIC for the strong interference
case, and the sum-rate capacity for strong Z interference, weak Z interference, noisy interference and mixed interference. Other noisy interference conditions were obtained in [4] for MIMO GIC with full-rank
optimal input covariance matrices and symmetric MISO and SIMO
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GICs, and in [48] for parallel GICs (diagonal channel matrices). The
noisy interference sum-rate capacity in [45],[47], [4], and [48] was later
generalized in [54]. Realizing the fact that very strong interference is
not necessarily a special case of strong interference for a MIMO GIC
(a sharp contrast to the single-antenna GIC) [47], [46], a new category
of interference type, referred to as generally strong interference, which
includes both strong and very strong interferences as special cases, was
introduced in [53]. The capacity region of the MIMO GIC with generally strong interference is achieved by jointly decoding the signal and
interference. This new generally strong interference condition can determine the capacity region of MIMO GICs that cannot be determined
by the traditional strong interference condition (e.g., MISO GICs).

1.3

Outline of Monograph

In this chapter, we have introduced the system model and the standard
form for the single-antenna GIC. A brief summary of existing capacity
results for GIC has also been given.
In Chapter 2, we present the Han-Kobayashi (H-K) achievable rate
region and some of its subregions. Several important results, including
the role of time sharing, the equivalence in capacity region between the
GZIC and the degraded GIC, the so-called ‘noiseberg’ approach for the
GZICs [31], are discussed in details.
In Chapter 3, we introduce several outer bounds on the capacity
region. These outer bounds lead to the bounded gap between the HK region and the capacity region, as well as various capacity results,
including the capacity region for strong and very strong interference,
the sum-rate capacity for noisy interference, Z interference, and mixed
interference.
In Chapter 4, we introduce the standard form channel model for
MIMO GICs and an eﬀective way to compute the H-K region for
MISO GICs. Subsequently, we extend all the capacity results for singleantenna GICs to multiple-antenna GICs. These include the capacity
region for strong interference and very strong interference, and the
sum-rate capacity for noisy interference. In addition, we introduce a

Full text available at: http://dx.doi.org/10.1561/0100000071
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new concept called generally strong interference, which generalizes the
notion of strong interference, and obtain the capacity region under such
conditions. The generally strong interference also allows us to obtain
the sum-rate capacity for mixed interference. We also determine part
of the capacity boundary for the MIMO GIC with weak Z interference
and mixed interference.
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