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ABSTRACT

This monograph offers a toolbox of mathematical techniques
that have been effective and widely applicable in information-
theoretic analyses. The first tool is a generalization of the
method of types to Gaussian settings, and then to general
exponential families. The second tool is Laplace and saddle-
point integration, which allow to refine the results of the
method of types, and can obtain various precise asymptotic
results. The third is the type class enumeration method,
a principled method to evaluate the exact random-coding
exponent of coded systems, which results in the best known
exponent in various problems. The fourth is a subset of tools
aimed at evaluating the expectation of non-linear functions
of random variables, either via integral representations, by
a refinement of Jensen’s inequality via change-of-measure,
by complementing Jensen’s inequality with a reversed in-
equality, or by a class of generalized Jensen’s inequalities
that are applicable for functions beyond convex/concave.
Various examples of all these tools are provided throughout
the monograph.
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1

Introduction

This monograph is concerned with a set of analytical tools for infor-
mation-theoretic analyses. The use of analytical methods to address
challenging combinatorial problems is a classical method in mathematics,
and includes various widely used techniques such as Stirling’s approx-
imation, Chernoff’s bound, transform methods (with interchanging
summation or integration order), among others. Analytical techniques
also formed the basis of the inception of information-theory by Shannon
[182]: On the face of it, and even at a deeper look, efficient coding
for noisy channels is a formidable combinatorial problem, in a high
dimensional space. Shannon addressed that challenge using analytical
techniques:

1. The asymptotic equipartition property, and the estimation of vol-
umes in high dimensional spaces, which allows to evaluate the size
of high-probability sets. In the proof of the noisy channel coding
theorem for discrete memoryless channels (DMCs), this allows to
show that when an n-dimensional codeword is transmitted, the

nHY1X)  where

set of likely outputs has size roughly given by e
H(Y|X) is the conditional entropy of the channel output Y con-
ditioned on the input X, and the total set of likely outputs has

roughly size of €™ (Y) (where H(Y) is the entropy of Y).
2
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2. The random-coding argument, which establishes the existence of
optimal codes by evaluating the ensemble-average of randomly
chosen code, and forms the basis for achievability (direct) results.

3. Convexity of information-measures, which is used to establish
data-processing theorems, and consequently forms the basis for
impossibility (converse) results.

Combining these ideas directly led, among other results, to the analytical
formula for the capacity of DMCs, given by C' = maxp, I(X;Y) (where
I(X;Y)=H(Y)—- H(Y|X) is the mutual information). Since Shan-
non’s work, these ideas have been continuously extended and refined in
numerous ways.

The goal of this monograph is to follow this path and propose
a set of advanced analytical tools that are affirmed to be efficient
and widely applicable for information-theoretic problems, allowing to
obtain accurate and refined performance measure characterizations.
Sections 2 and 3 to follow address the problem of estimating volumes in
high dimensions, first, via a generalized method of types and, second,
via the more advanced saddle-point method; Section 4 describes the
type class enumeration method (TCEM), a tight analysis method of
the performance of random-coding ensembles, and Section 5 considers
various aspects of convexity and Jensen’s inequality, mostly related to
the computation of the expected values of non-linear functions. We next
describe each one of these with more detail.

In Section 2, we describe a generalization of the method of types [38],
[41], which was originally developed for finite alphabets, to Gaussian
distributions, which are distributions over a continuous alphabet, and
more generally, to distributions from exponential families. We introduce
the notion of a typical set with respect to (WRT) a given parametric
family of probability distributions. Such typical sets are defined in a way
that the probability of each vector in the set is roughly the same for all
possible distributions in the defined parametric family. This generalizes
both the notion of weak typicality (a family consisting of a single
distribution), and the notion of strong typicality for finite alphabets
(the family is the set of all possible PMFs). Moreover, it allows to define,
e.g., typical sets for the Gaussian distribution. A key property of typical
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sets is their volume, because if an event of interest can be represented
as the union over typical sets, then its probability can be accurately
determined on the exponential scale using the volumes of these sets,
and the probability of a single representative element from each of these
sets. We thus develop a general method to evaluate the volumes of
typical sets, and demonstrate its use on memoryless Gaussian sources,
on Gaussian sources conditioned on other vectors, and on Gaussian
sources with memory. We then generalize this method to distributions
from an exponential family.

While the method of types is a general and widely applicable ap-
proach that leads to useful exponential bounds, there are settings which
require more delicate analysis, and thus, more advanced tools. In Sec-
tion 3, we begin by describing the Laplace method of integration, and
exemplify its use in the problems of universal coding and extreme-value
statistics. We then discuss the closely-related saddle-point method of
integration in the complex plane, and show how it allows to accurately
evaluate the size of type classes, volumes of hyper-spheres, and large-
deviations probabilities, not only in the exact exponential rate, but also
with the exact pre-exponential factor. We show that this method is
applicable beyond parametric models. We further demonstrate its use
for the evaluation of the number of lattice points in an L; ball, and
the evaluation of the volume of an intersection of a hyper-sphere and
hyperplane, refining the analysis of Section 2.

In Section 4, we consider coded settings and ensembles of random
codes. We introduce the TCEM, which is a principled method for
deriving the error exponent of random codes. We first describe the
standard techniques commonly used to derive bounds on the error
exponent, such as Jensen’s inequality and its implications, and various
types of union bounds. While these methods indeed turned out to
be effective in the error-exponent analysis of basic settings, such as
point-to-point channels and standard decoding rules, there is no general
guarantee that they are accurate in more advanced scenarios. Indeed,
we survey various settings in which these methods are sub-optimal,
and do not provide the exact random-coding error exponent. As an
alternative, we show that ensemble-average error probabilities (and
other related performance measures) may be expressed via type class
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enumerators (TCEs), and specifically, via their (non-integer) moments
and tail probabilities. We demonstrate this both on basic settings as
well as more involved ones. We explore the probabilistic and statistical
properties of TCEs, and then discuss a number of settings in multi-user
information theory, in distributed compression and in hypothesis testing,
for generalized decoding rules such as those allowing erasures and list
outputs, and for the analysis of the typical random code. We outline how
the TCEM is used in each of these settings, and how it allows to obtain,
among other things, exact error-exponents for optimal decoding rules.
In Appendix B we show that the exponents obtained by the TCEM can
also be computed effectively.

In Section 5, we address the problem of evaluating the expectation
of a non-linear function f(-) of a random variable (RV) X. In many
cases, this function is either convex or concave, and so a natural course
of action is to bound it using Jensen’s inequality. However, there is no
guarantee that the resulting bound is tight enough for the intended
application. We present two general and useful strategies that can be
employed in such cases. The first one is based on finding an integral
representation of the function. Then, we interchange the expectation and
integral order, and obtain an alternative expression for E{f(X)}. The
technique is useful if computing the inner expectation is simpler than
the original expectation, or if it can be evaluated more accurately. After
evaluating the inner expectation, the expectation E{f(X)} of interest
can be computed by solving a one-dimensional integral. For example,
when f(t) = In(t), this allows to replace the evaluation of the expected
logarithm with the evaluation of its moment-generating function (MGF).
This is especially appealing since if X = Y 7', X; is the sum of n
independent and identically distributed (IID) RVs, then its MGF is
the n-th power of the MGF of just one of them. In accordance, this
transforms the original expectation, which is an integral in R", to a one-
dimensional integral. We focus on the logarithmic function f(¢) = In(#)
(and its integer powers), as well as the power function f(t) = t* for
some p > 0 (even non-integer), and exemplify the use of this technique
in a multitude of problems such as differential entropy for generalized
multivariate Cauchy densities, ergodic capacity of the Rayleigh single-
input multiple-output (SIMO) channel, and moments of guesswork.
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The second strategy exploits convexity or concavity properties, but
goes beyond the standard Jensen’s inequality. This strategy may come in
various flavors. First, a change of measure can be performed before using
Jensen’s inequality, and then the alternative measure can be optimized
over a given class to improve the bound. As a notable example, when
f(t) = In(t), this reproduces the Donsker—Varadhan variational charac-
terization of the Kullback—Leibler (KL) divergence. Second, one may use
Jensen’s inequality, but accompany it with an inequality in the opposite
direction, i.e., a reverse Jensen’s inequality (RJI), in order to evaluate
its tightness. We provide a few techniques, all of which rely on a general
form of such a RJI. Third, the “supporting-line” approach used to prove
Jensen’s inequality may be generalized to cases in which the function
whose expected value is sought of is not convex/concave, but takes a
more complicated form, such as the composition or a multiplication
of a different function with a convex/concave function. A generalized
version of Jensen’s inequality can still be derived, by properly optimizing
the supporting line. We exemplify the use of this technique in various
problems involving the evaluation of data compression performance and
channel capacity.

In summary, we present a diverse toolbox of analytical techniques,
indispensable to every information-theorist aiming to obtain tight and
accurate results. We mention in passing other analytical techniques
widely used in information theory, such as central-limit theorems ex-
tensively used in non-vanishing error regimes [198], concentration of
measure bounds [169], statistical-physics methods such as the cavity and
the replica method [151], and various methods described in the recent
book [56]. These complement the tools outlined in this monograph.

This monograph was invited and written following a plenary talk
by the first author, at the 2023 IEEE International Symposium on
Information Theory (ISIT 2023), Taipei, Taiwan, June 25-30, 2023. It
should be pointed out that some of the proposed techniques (like in
Sections 2, 4, and many parts of Section 5) are original, while others
are not new (like in Section 3).
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A

On the Tightness of Chernoff’s Bound via the
Method of Types

Let P be a memoryless source over an alphabet X'. For simplicity, we
focus on finite-alphabet sources, though a similar derivation can be
carried out using the extended method of types developed in Section
2 for more general sources. Let f be a real function of probability
distributions over X, and o € R. Then,

Pr [f(Pm) > a}

= > P(@)-1[f(P) > o (A1)
reXn

(a) inf sl (Pr)—a]

N Z P(x) ;gge (A.2)
reXn -

® —n-D(QIIP) . jpf nslf (Pe)—al

= %e ;g%e (A.3)

g exp {—n . mén {D(QHP) - iggs [f(ﬁw) - 04} H (A4)

= exp [—n minsup {D(QIIP) =5 |/(Px) = o }] (A.5)
@ exp [—n supmin {D(QHP) —s [f(f’x) - a] }] (A.6)

144
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= inf exp [—n : mC}n {D(QHP) -5 [f(ﬁm) - 04} }} (A.7)

s>0
(¢) X
= inf P(x) - enslf (Fe)=al (A.8)
5>0
T xTEeXn"
= inf E [enS[f(Pm)—a]} , (A.9)

where (a) follows from the elementary bound 1{t > a} < ¢™(!=®) that
holds for any s > 0, (b) follows from the probability of a type class
[(2.12) in Section 2.2.1], and where the summation is over all possible
types, (c¢) follows since the number of possible types is polynomial in
n [(2.2) in Section 2.2.1], and so the sum is exponentially on the same
scale as the maximum element, (d) follows since maximin is always less
or equal than the minimax, and (e) follows again from the method of
types, reversing the reasoning above.

The final term in (A.9) is exactly Chernoff’s bound for the event
{f(P,) > a}. Importantly, if f is concave then the minimaz theorem
[188] implies the inequality in (d) above is, in fact, an equality, and
so the chain of passages is exponentially tight. In many applications,
f is affine (e.g., the empirical mean of some cost) and thus concave,
and so Chernoff’s bound is assured to be tight. See [49] for a thorough
discussion.



Full text available at: http://dx.doi.org/10.1561/0100000142

B

Computation of Exponents

In this appendix, we describe two possible approaches to efficiently
compute or bound the exponents obtained using the TCEM. This
aspect is an indispensable part of the TCEM, since it is possible for an
error exponent to take a rather intricate formula. Indeed, recall that
the TCEM exponents are given by Csiszar-Korner-style formulas, e.g.,
as in (4.10). Thus, they involve a constrained optimization problem
over joint distributions, and the dimensionality of the optimized joint
distributions increases with the alphabet sizes of the problem (e.g.,
input and output alphabets of the channel). Thus, a direct optimization,
using an exhaustive search or “general-purpose” global optimization
over the probability simplex may be prohibitively complex.

The first approach we consider is based on Lagrange duality [21]
(see also [180, Appendix]), in which the original exponent optimization
problem is considered to be the primal optimization problem. When
deriving instead the dual optimization problem of the exponent, the
result is a Gallager-style bound [71, Chapter 5], which is often rather
easy to compute and plot for an entire range of rates, rather than
for a specific rate; see (B.19) in what follows for a typical formula.
This is especially useful in multiuser problems [59], for which even

146
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problem instances with binary alphabets lead to optimization problems
in non-trivial dimensions. For example, for a broadcast channel problem
with input alphabet X and two receivers, each with an alphabet ), a
joint distribution of the input and the two outputs has dimensionality
|X| - |Y|* — 1, which is at least 7. In some of the problems, the number
of optimization variables for the Gallager-style bound does not increase
with the alphabet size of the source or channel. The downside is that, as
we shall see, the derivation might include the utilization of bounds that
may sacrifice tightness. Indeed, in minimization optimization problems,
the value of the dual problem is a lower bound on the value of the
primal problem, and if the primal optimization problem is convex then
strong duality holds (under typically mild conditions) [21, Chapter 5],
and both values are equal. However, there is no guarantee that the
primal optimization problem of the exponent is convex, and sometimes
obtaining reasonably simple dual problems requires additional steps,
which may also sacrifice tightness.

The second approach is based on utilization of convex optimization
solvers. While the optimization problem involved in the computation of
the exponent may not be convex as is, in many cases it is possible to
develop a procedure that allows to compute it by only solving convex
optimization problems.

Moreover, typically, the primal problem involves mostly minimiza-
tion operators (over joint types), while the dual problem involves mazi-
mization operators (over scalar parameters). From this aspect, the dual
exponent is preferable, because even a sub-optimal choice of the dual
variables leads to a valid bound on the exponent. Thus, e.g., a coarse
exhaustive search on the dual variables may be performed and still lead
to a tight bound. In contrast, the minimization in the primal problem
must be performed accurately in order to obtain a valid numerical
value of the exponent. Nonetheless, it also possible for the primal prob-
lem to include a maximization operator (possibly intertwined between
minimization operators), and the same holds for such maximization
problems — any sub-optimal choice leads to a valid bound. In fact, in
some cases, an educated guess for the maximizing primal variable may
be proposed, and in some settings it is possible to show that this choice
is actually optimal.
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B.1 Exponent Computation by Lagrange Duality

Lagrange duality is based on the minimaz theorem [188], stating the
minimax value of a functional convex in the minimization variable and
concave in the maximization variable equals to the maximin value.
We will next exemplify this technique on the random-coding error
exponent Ey. (R, Px) from (4.27), and derive a Lagrange dual lower
bound on its value. As we have seen, if we consider the MMI rule,
then the random-coding error exponent is greatly simplified to the
standard random-coding error exponent in (4.10), which only contains
a minimization over Qy|x (with the minimization over Qy| x removed).
In accordance, it is not very difficult to obtain a dual Lagrange form
of this exponent. In order to demonstrate a few other techniques that
are generally useful for the TCE-based exponents, we will next let
a(-) be general, yet restricted to be a linear function of Qxy, given
by a(Qxy) £ Yoexyey @(2,y) - Q(z,y) (this includes, e.g., the ML
decoder).

Let us start by writing the objective function of E\ (R, Px) using
a dual variable p € R as

Erc,a(R7PX)
= min  D(Qyx||W|Px) + [I(Px x Qyix) - R] (B.1)

Qv|x:Qv|x +

= min  D(Qyx|[W|Px) +max {I(Px x Qyx) — R,0} (B.2)
Qv x.Qy|x

2 min  DQyixlWIPY) + max p- [I(Px x Qvix) ~ B (B3)

Qv x:Qv|x

= min  max D(Qyx||W|Px) +p- [I(Px x Qyx) - R|, (B4)
Qy | x,Qy|x PE[0,1]

where (x) follows from the identity max{t,0} = max,¢c(o ] pt. Now,
the objective function is linear, and hence concave, in the maximizing
variable p, and the interval [0, 1] is convex. Moreover, D(Qy|x||W|Px)
is convex in Qy|x and p- I(Px X Qy|x) is convex in Qy x (for p > 0),
hence the objective functional is jointly convex in (Qy|x,Qy|x)- The
constraint set for (Qy|x,Qy|x), given by
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{QYX,QYXI (Px x Qyix)y = (Px x Qy|x)y,

a(Px X Qy|x) > a(Px X QY|X)}: (B.5)

is the intersection of a hyperplane and a half space. We also note
the implicit constraint that Qy|x and Qy| x are conditional probabil-
ities, i.e., Zyey Qyix(ylr) =X ey Qy|X(y|:U) =1 for all x € X and
Qy|x (ylr), Qyx(y|r) > 0 for all z € X,y € V. These are also convex
constraints, and since the intersection of convex sets is convex, the
constraint set for (QY\XaQY\X) is convex. So, the minimax theorem
[188] implies that

Erc,a(Ra PX) ==

max min  D(Qyix|[W|Px) +p- [I(Px x Qyjx) — B] (B.6)

PE0.1] Qy x,Qy | x
over the constraint set. We next focus on the inner minimization for
a given p € [0,1]. Following Lagrange duality [21, Chapter 5], we
introduce dual variables A > 0 and {v(y)},ey C R. The variable X is
for the inequality constraint a(Pyx x Qy‘ x) 2 a(Px x Qy|x), whereas
the variables {v(y)}ycy are for the constraint of equal output marginals,
that is, the |Y| constraints (Px x Qy|x)y = (Px X QY‘X)y. Note
that the constraint that Qy|x and Qy|x are conditional probability
distributions is kept implicit. Hence, the minimization of interest is

min max max D(Q WI|Px)+p- |I(P XQ - R
QyixQvix 220 v(u)}yey (QvixI[WIPx) + p- [I(Px x Qvix) — R|

+ Z V(y) . lz PX(LE) (QY|X(y|x) — QY|X(y‘x))]

yeY rzeX

A

> a(z,y) - Px(a) (QY\X(M@ - QY|X(?J\1’))] - (B.7)

TeEX yey

The minimax theorem now implies that we may interchange the mini-
mization and maximization order. We next focus on the minimization,
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and begin by expressing the mutual information term via the golden
formula using an arbitrary probability distribution Sy on ), as

I(Px x Qy|x) = D(Qy|x||Qy|Px) — D(Qy||Sy) (B.8)
= HsliYnD(QwXHSY’PX) (B.9)

Using this relation and slightly re-organizing the objective function, we
are left with the minimization of the functional

I151,11V1f117(621/|)(||W|PX)7L

SN Px(@)Qyx (lz) - [-v(y) + A - afz,y)]

zeX yey
+ pD(Qy xSy |Px)
+ 303 Pe(@)Qyix(ylz) - [v(y) — A alz,y)]  (B.10)

reX ye)y
over (Qy|x, Qy|X). It can be noticed that the minimization over Qy|x
is decoupled from the minimization over Qy|x, and each of them can
be solved directly. Alternatively, we may use the Donsker—Varadhan
variational formula [20, Corollary 4.15], [53], stating that for any two
probability measures P and P, on Z and a function f: Z — R that
does not depend on P;

wmin {D(Py|[P1) + Ep, [£(2)]} = ~InEp, [e/7)]. (B.11)

Let W (:|z) denote the conditional output of the channel given x € X.
By employing (B.11) separately for each x € X we get

mln D(QY\XHWUDX + Z ZPX 2)Qyx (ylz) - [-v(y) + A - alz,y)]

zeX yey
= Z Px (x { 3‘1111 D(Qy|x=z||W(-|z))
TeEX X=w
+ Y Qyix(yle) - [~v(y) + A - alz, y)] } (B.12)
yey

== Px(@)- (Z W (yla) - /)Xo w) (B.13)

zeEX yeY
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Similarly, the minimization over Qy‘ x leads to

> Px(x)- { min pD(Qy|x—||Sv)

TEX Qy|x=z

+ > Qvix(yle) - [v(y) = A~ alz,y)] }

yey
= min —p Z Px(z)-1n Z Sy (y v+xa(zy)l/e (B.14)
Sy reX yey

2 1gin—pln (Z > Px(x)Sy(y) - e—[”@)“'a(x’y”/f)) . (B15)

TeX yey

where the inequality follows from convexity and Jensen inequality, yet
is not guaranteed to be tight. Since p € [0, 1], minimizing this last term
over Sy corresponds to maximizing

Z Sy (y Z Px(x W) +Aalz.y)l/p, (B.16)
yey reX

which, due to Schwarz—Cauchy inequality, occurs when

er/’\( PX (1‘) . e*[V(y)Jr)\-oz(:r,y)]/p

Sy(y) = . B.17
v Yyey Ywex Px(z) - em W +ral@y)l/e ( )
The minimal value over Sy is then
min —pln (Z Z Px(z)Sy (y) - e—[l/(y)-l—)\.a(x,y)]/ﬂ)
Sy TeEX yeY
2
Svey (Spen Px(x)e”P@)tral@y)l/p
= —pln | == ( = ) (B.18)

2 yey 2zex Px(z) - e~ @)+xa(zy)]/p
We thus conclude the dual lower bound

Erc,a (R, PX)

Z—ZPX( ln(ZWy]a: ) —ra(zy ))

rzeX yey
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Dyey (erx PX(CU)6_[”(y)JFA'Oc(ﬂﬁ,y)]/p)2

> oyey 2zex Px(z) - o) tra@yl/e |’ (B.19)

—pln

for any choice of p € [0,1], A > 0 and {v(y)},ey C R.

Let us compare the primal optimization in (B.1), with the dual
lower bound (B.19). The primal problem is a minimization problem
of dimension 2|X|(|Y| — 1) over a constrained set (Qy|x, Qy|X) (the
constraints further reduce the dimension by |Y| + 1). For the exact
exponent, this minimization must be accurately solved. By comparison,
the dual exponent is a lower bound on the exact exponent [recall
(B.15)], and can be maximized over dimension |)|+ 2. Nonetheless, this
maximization can be performed in a crude manner, since any choice of
the dual parameters leads to a valid lower bound on the exponent.

For additional derivations of dual Lagrange exponents formulations
and Gallager-style bounds, see [41, Exercise 10.24] and [165] (in Russian),
and in the context of the TCEM, see [11], [137], [177].

B.2 Exponent Computation Procedures with Convex Optimization
Solvers

As we have seen, we may write

Erc,a(Rv PX) = max min D(QY|XHW‘PX)
PE01] Qy x.Qy|x

+p- [I(Px x Qyix) ~ R|, (B.20)

and when a(Qxy) is a linear function of Qxy, then the feasible set
of (Qy| X, Qy| x) is convex. Hence, the inner minimization problem is a
convex optimization problem that can be efficiently solved. However, in
principle, it should be solved for the continuous set of values p € [0, 1].
We next describe an alternative method to evaluate E (R, Px).

Let us write Eye o (R, Px) = min{E_(R), B4 (R} where!

E_(R)= min D(Qyx|[W[Px), (B.21)

Qv x:Qv|x

'For brevity, we omit the explicit dependence on the score o and the input
distribution Px.
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where the minimization is over the set

{QYX;QYX3 (Px x Qyix)y = (Px x Qy|x)y,

a(Px x Qy|x) > a(Px x Qy|x), I(Px x Qy|x) < R}, (B.22)

and where

Ev(R)= min  D(@yxlWIPx) + I(Px x Gyix) — R, (B.23)

Qvx.Qy|x

where the minimization over the set

{QYXaQYX: (Px x Qyix)y = (Px x Qy|x)y,

a(Px x Qy|x) = a(Px X Qy|x), I(Px x Qy|x) > R}- (B.24)

Note that the only difference between E_(R) and E4(R) is the con-
straint [(Px X QY‘X) z R, and due to the continuity of the objective
function, we have included the points {/(Px x Qy|x) = R} in both
problems. Now, since the KL divergence is also a convex function of
Qy|x, it can be seen that the objective function is jointly convex in
{Qy|x,Qy|x} for both optimization problems. Since a(Qxy ) is a linear
function of Qxy, the set {Qy = Qy, a(Px X Qy|x) > a(Px x Qy|x)}
is a convex set. Furthermore, the set {I(Px x Qy|x) < R} is also a
convex set, and thus so is its intersection with the previous set. Conse-
quently, the minimization problem of E_(R) is a convex optimization
problem [21] (of dimension 2|X| x (]| — 1)), which can be efficiently
solved, e.g., using software packages such as CVX [78]. In contrast, the
minimization problem of E(R) involves the set {I(Px X Qy| x) > R},
which is not a convex set.

We thus proceed as follows. First, let us solve E4(R) for R =0. In
this case, the constraint I(Px x Qy|x) > R is idle, and so
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min D(Qy x||[WI|Px)+I(Px xQy|x).

Qyx:Qvx: a(PxxQy|x)>a(Px xQy |x)

(B.25)

This is a convex optimization problem, which can be efficiently solved.

Let us denote the solution of this problem as (Q§9|)X, Qgﬁ)')x) Now, as

long as R < Re = I<Q§9|)X)’ then the objective function in F, (R) is

minimized by the unconstrained solution (ng"x,c}gffX), even if the
constraint I(Pyx X Qy|x) > R is imposed. For these rates it thus holds
that Ey(R) = E4+(0) — R. Now, if R > R then the unconstrained
solution (QQX, Q§9|)X) does not solve E(R), and so the solution must
be obtained on the boundary {I(Px X Qy| x) = R}. However, for such
rates

EL(R)

= . min D(Qyx||W|Px) +I(Px X Qy|x) — R
Qv x:Qv|x: I(PxxQy|x)=R

(B.26)

= . min D(Qyx||W|Px) (B.27)
Qy|x:Qvix: I(PxxQy|x)=R

=z . omin D(Qy x||W|Px) (B.28)
Qv x:Qv|x: I(PxxQy|x)<R

=E-(R), (B.29)

where all the above minimization operators are under the constraint
a(Px X QY‘X) > a(Px x Qy|x), and the inequality holds since the
feasible set is larger for F_(R). Consequently, for rates R > R, the
exponent is given by min{E_(R), E4(R)} = E_(R).

To conclude, despite the fact that the minimization problem of
E(R) is not a convex optimization problem, the exponent can be
computed for all rates by only solving convex optimization problems.
To summarize, this is done by the following procedure: (1) Solve the
optimization problem for F, (0), and compute the critical rate Re;. (2)
Solve the optimization problem E_(R) for any R > Rc;. The exponent
is
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(B.30)

E{(0)—R, 0<R<R,
E_(R), R>Re

Note that this method requires solving two convex optimization prob-
lems at most for each rate, and the first one for finding E (0) one is
common to all rates.

For additional computational algorithms, see, for example, [64, Sec-
tion V] for the computation of the exponent of the interference channel,
[216, Appendix A] for the exponents of joint detection and decoding,
and [215, Section VI] for exponents of distributed hypothesis testing.
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The Derivation of the Expurgated Exponent

In this appendix, we outline the expurgation argument that follows the
TCEM method. The proof follows [128, Appendix]. Let us focus on a
specific codeword index m. We showed in Section 4.3 that, effectively,
Nn(Qx5) ~ Binomial(e"f, e (@xx)). Thus, we separate between
typically populated joint types (I(Qy ) < R) and typically empty joint
types (I(Qy ) > R). First, for the populated types, for any € > 0, it
holds by (4.66) that

Pr [Non(Qyg) > el (@x)ta)] = gmnee, (C.1)

Taking the union over an exponentially number of codewords ™ and a
polynomial number of joint types, it follows from the union bound that

F i

enR

U U (N(Qyy) = @049} ()

m=1Qy%: Qx=Q3=Px, [(Qx5)>R

satisfies Pr[F] = e "°. Since by (4.67) the lower tail also similarly
decays double-exponentially, for the sake of exponent analysis, the TCE

156
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are effectively deterministic, for all codewords in the codebook and all
joint types with I(Qy ) < R, and is given by

Nn(Qyx) = el (C.3)

Second, for the empty types for which I(Q ¢) > R, it holds by (4.66)
that

Pr[Np(Qyx) > 1) = e H@Qxx)=H, (C.4)

which is exponentially small. Thus, we do not expect to observe other
codewords m # m which have joint type @y ¢ with X,,. Indeed, the
event

£, 2 { U {Nm(QxX) > 1}} (C.5)

Qxx:Qx=Q3=Px,I(Qx3)>R

is the event that the mth codeword is a a-typical neighboring codeword,
in the sense that there exists a Q¢ with I(Qy ) > R and at least
one neighboring codeword Xy, so that 0 XmXm = Qx5 By the union
bound, since the number of joint types increases polynomially with n,
P 2 Pr[&,] = e "U(@xx)=F) Thus, on the average, we expect that
pne™® codewords will have such a-typical neighboring codewords. So,
the event

nR
1 ¢
£ & {enR Z ]l{gm} > 2pn} ) (06)
m=1

in which more than 2p,e™? have such a-typical neighboring codeword
has low probability. Indeed, Markov’s inequality, which does not require
independence of the events {£,,}, implies that Pr[€*] < 3. Hence, with
probability larger than 1/2 — Pr[F] > 1/3, both F¢ and [£*]¢ hold. We
thus may choose a codebook C,, that belongs to the event F¢N[E*]¢. The
number of codewords in this codebook for which 1{&,,} = 1 is less than
3ppef. Thus, we can expurgate those codewords from the codebook,
and obtain a new codebook C; which satisfies: (1) Its size is larger than
Ci| > e"B(1 — 3p,,) = e (2) Tts TCEs N,,(Qy ) are only smaller
than those of the original codebook, and specifically, N;(Q %) =0
for all Qy ¢ with I(Qy ) > R. (3) N, (Qx ) < e 1(@xx)+) for all
Qxx with (Qy ) < R
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For such a codebook, and after taking € | 0, the error probability
bound in (4.38) is given by

P. <exp[—n- Ex(R, Px)], (C.7)

where Eex(R, Px) is as defined in (4.14).

Compared to the TCEM, the properties of codebook C; tradition-
ally follow from the packing lemma [41, Exercise 10.2], [42] (which is
somewhat similar) or from a graph decomposition lemma [40, Corollary
to Lemma 2]. In the latter case, equipped with the existence of such
a codebook, [40] derived a bound for decoders with general score a(-),
and when «f(+) is set to be the ML decoder, then this exponent is shown
to be at least as high as both the random-coding error exponent and
the expurgated exponent.
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Proofs for Section 4.3

Before proving Theorems 4.1, 4.2 and 4.3, we recall the following Cher-
noff tail bounds of a binomial RV X ~ Binomial(m, p). If » > p then
rm > E[X] = pm and so the probability of the upper tail is

e—m-D(THp)—o(m) < Pr [X > ,r,m] < e—m'D(THP)’ (Dl)

where D(r||p) £ rin?+(1—7)n 8:;3 is the binary KL divergence. If
r < p then this probability Pr[X > rm| > Pr[X > |E[X]]|] > 1/2, and
the so the exponent is zero. Similarly, if » < p then the probability of

the lower tail is
e~m-D(rlp)=o(m) < py. (X <rm] < e*m'D(THP)’ (D.2)

and if » > p then the exponent is zero.
We will also need the following simple lemma regarding the KL
divergence.

Lemma D.1. Let {a,,b,} be sequences in (0,1) such that a, = o(1)
and b, = o(1). Then,

by, dn — o(1)
D(an||bn) ~ Lo , (D.3)
aplng®, 2 =w(l)

159
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where for a sequence {cy,}, the notation ¢,, = o(1) means that lim,_, ¢y,
= 0 and the notation ¢, = w(1) means that lim, o ¢, = 00.

Proof. We use the expansion In(1 + x) = x + ©(2?) throughout. If
7> = o(1) then it holds that

1—a,
1—ap)In |—
( ¢ ) " [1 - bn}
=1 —-ap)In(l —an) — (1 —ay)In(l —by) (D.4)
= —an(1 —ay) +0(a?) +b,(1 —a,) +O(b2) (D.5)
= (bp — an)(1 — an) + O(b2) (D.6)
b, [(1 - Z") ~an(1 —ay) + O(2) (D.7)
~ by, (D.8)
and so for all n large enough
(ln bn _ an an _
anlna —anlna— bn-alna— o(bn) (D.9)
since lim; o tInt = 0. This is negligible compared to the first term.
If $ = w(1) then
1—ay
1—ap)l
‘( ) “(1—bn>)
=|(1—-ay)In(l —a,) — (1 —a,)In(l —b,)| (D.10)
= (1= an) [~an +©(a}) + bu + O3)]| (D.11)
= O(an), (D.12)
which is negligible compared to a;, In §* = w(ay). O

We are now ready to prove Theorem 4.1, which provides exact
exponents of the tail probabilities of the TCE N.

Proof of Theorem 4.1. In the case of a TCE, we are dealing with both
an exponential number of trials and an exponentially decaying success
probability, and so we consider the events {N > ¢"} and {N < "}
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for some A € R. Throughout, we will use the asymptotic expansion of
the binary KL divergence in Lemma D.1.
We distinguish between two cases:

1. If A > B then the mean value E[N] = ¢™4=B) is exponentially
large. For the upper tail, we assume A > A — B, for which

Pr [N > e")‘} < exp {—e”A . D(e_"(A_)‘)He_”B)} . (D.13)

Since A — B < A then ¢ "™V /e=nB = (1) and the exponent is

nA (AN nBy A —n(Ax);. € A
e D(e [le™"7) ~ e e lnﬁ (D.14)
=n(A— (A — B))e™. (D.15)

Thus, the right-tail probability decays double-exponentially. Simi-
larly, for the lower tail, we assume A < A — B, for which

Pr [N < e")‘} < exp {—e”A : D(e_”(A_)‘)He_"B)} . (D.16)
Since A — B > X then ¢ "*"Y/c=n5 = (1) and the exponent is

enA . D(efn(Af)\)Hean) ~ en(AfB). (D.l?)

Thus, the lower-tail probability also decays double-exponentially.

2. If B > A then the mean value E[N] = e~™5~4) <1 is exponen-
tially small. For the upper tail, we set A > 0 > A— B and obtain a
double-exponentially decay, exactly as in the previous case. Next,
as N is integer, for A < 0, Markov’s inequality implies that

Pr[N > ™| = Pr[N > 1] <E[N] = exp[-n(B - 4)]. (D.18)
On the other hand,

nA
Pr [N > e”)‘} >Pr[N=1]= (6 ) e "B . (1— e—nB)e”A—l

1
(D.19)
= e~UB-A) (] _ By -1 (D.20)
~exp|-n(B — A)], (D.21)

which shows that Markov’s inequality is exponentially tight in this
case, and hence Pr[N > ¢™] = ¢e=™B~4) The variable N has no
lower tail since the above implies that Pr[N = 0] > 1 — ¢~™5~-4),
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Combining the two cases leads to the claimed result. O
We next prove Theorem 4.2, which states the exponent of E[N®].

Proof of Theorem 4.2. We separate again between two cases, depending
on the sign of A — B.

1. If A > B then we know that any exponential deviation from
the mean leads to a double-exponentially decay. Hence, for any
A>A-B

E[N*] = Pr[N < e™]-E [N*|N < ™|

+Pr[N > ¢"™]-E [N*|N > ] (D.22)
é en)\s 4 e N, ensA (D23)
=i (D.24)

where we have used the fact that N < "4 with probability 1,
and write e~ for a probability that decays super-exponentially.
Taking the limit A | A — B shows that

E[N®] < erA-B)s, (D.25)

A matching lower bound can be derived in an analogous way: For
any A< A—B

E[N*] = Pr[N > ¢"]-E [ N*|N > ¢"|

+Pr[N < ™]-E [N|N < ™| (D.26)
> [1 = Pr[N < ™| - eme (D.27)

after taking the limit A T A — B. Hence,

E[N?®] = eMA-B)s, (D.29)

2. If A < B then we take A > 0 to obtain

E[N*] =Pr[1 <N <e™]-E[N*[1 < N < ]
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+Pr[N > ¢™]-E [N*|N > ] (D.30)
<Pr[N > 1] ™ 4 0. gns4 (D.31)
LenBA) L gnA, (D.32)
Taking the limit A | 0 shows that
E[N®] < e ™B-A), (D.33)
A lower bound is obtained by
E[N®] > Pr[N =1]-1° > [1 + o(1)] - e B4, (D.34)
which shows that the upper bound is tight.
Combining the two cases leads to the claimed result. O

We finally prove Theorem 4.3, which states that the probability of
an intersection of lower tail events of a set of TCEs is exponentially
equivalent to either 0 or 1.

Proof of Theorem 4.3. If there is a j* € [ky] so that Bj+ < Aj« and
A< A]* - BJ* then PI‘[NJ* < en)‘] = N0, SO,

Pr
1<5<kn

kn

n {Nj < e”)‘}] < min Pr [Nj < e")‘} =e "™, (D.35)
j=1

Otherwise, ifall j = 1,..., k, it holds that either B; > A or A > A;—B;
then (4.66) implies that Pr[N; > "] <e "> forall j = 1,..., k. Thus,
from the union bound, as n — oo

kn kn
Pr [ﬂ {N; < e“}] =1-Pr [U {N; > e")‘}] (D.36)
j=1 j=1
kn
>1-3 Pr[N; > e (D.37)
j=1
>1—ky- 1;@%}’; Pr {Nj > e"’\] (D.38)
> 11— ky - e” Mimsisin B (D.39)
— 1. (D.40)

Combining (D.35) and (D.40) leads to the stated claim. O
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