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ABSTRACT

Graph-structured data are an integral part of many applica-
tion domains, including chemoinformatics, computational
biology, neuroimaging, and social network analysis. Over
the last two decades, numerous graph kernels, i.e. kernel
functions between graphs, have been proposed to solve the
problem of assessing the similarity between graphs, thereby
making it possible to perform predictions in both classifi-
cation and regression settings. This manuscript provides
a review of existing graph kernels, their applications, soft-
ware plus data resources, and an empirical comparison of
state-of-the-art graph kernels.

Karsten Borgwardt, Elisabetta Ghisu, Felipe Llinares-Lépez, Leslie O’Bray and
Bastian Rieck (2020), Graph Kernels, Foundations and Trends® in Machine Learning:
Vol. 13, No. 5-6, pp 531-712. DOI: 10.1561/2200000076.
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1

Introduction

Among the data structures commonly used in machine learning, graphs
are arguably one of the most general. Graphs allow modelling complex
objects as a collection of entities (nodes) and of relationships between
such entities (edges), each of which can be annotated by metadata such
as categorical or vectorial node and edge features. Many ubiquitous
data types can be understood as particular cases of graphs, including
unstructured vectorial data as well as structured data types such as
time series, images, volumetric data, point clouds or bags of entities, to
name a few. Most importantly, numerous applications benefit from the
extra flexibility that graph-based representations provide.

In chemoinformatics, graphs have been used extensively to represent
molecular compounds (Trinajstic, 2018), with nodes corresponding to
atoms, edges to chemical bonds, and node and edge features encoding
known chemical properties of each atom and bond in the molecule. Ma-
chine learning approaches operating on such graph-based representations
of molecules are becoming increasingly successful in learning to predict
complex molecular properties from large annotated data sets (Azen-
cott et al., 2007; Duvenaud et al., 2015; Gilmer et al., 2017; Wu et al.,
2018), offering a promising set of tools for drug discovery (Vamathevan
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et al., 2019). In computational biology, graphs have likewise risen to
prominence due to their ability to describe multi-faceted interactions
between (biological) entities. Examples of crucial importance include,
but are not limited to, protein-protein interaction networks (Szklarczyk
et al., 2018), co-expression networks (Zhang and Horvath, 2005; Lons-
dale et al., 2013), metabolic pathways (Kanehisa and Goto, 2000), gene
regulatory networks (Karlebach and Shamir, 2008), gene-phenotype as-
sociation networks (Goh et al., 2007), protein structures (Borgwardt et
al., 2005) and phylogenetic networks (Huson and Bryant, 2005). Graphs
also play a key role in other application domains in the life sciences, such
as neuroscience, where they are commonly used to concisely represent
the brain connectivity patterns of different individuals (He and Evans,
2010), or clinical machine learning, where they have been employed to
describe and exploit relationships between medical concepts by means
of ontologies (Choi et al., 2017) and knowledge graphs (Rotmensch
et al., 2017). In recent years, social network analysis has become a
research field on its own, generating ever-larger graph data sets (Scott,
2011; Wasserman and Faust, 1994) and spanning a wide range of ap-
plications such as viral marketing (Leskovec et al., 2007), community
detection (Du et al., 2007), influence estimation (Du et al., 2013) or
fake news detection (Tschiatschek et al., 2018).

The great representational power of graph-structured data is how-
ever a source of important challenges for method development. Graphs
are intrinsically discrete objects, containing a combinatorial number
of substructures. As a result, even seemingly simple questions, such
as determining whether two graphs are identical (graph isomorphism)
or whether one graph is contained in another graph (subgraph isomor-
phism), are remarkably hard to solve in practice. In particular, no
polynomial time algorithm is known for the former question, while the
latter question is known to be NP-complete. Machine learning methods
operating on graphs must therefore grapple with the need to balance
computational tractability with the ability to leverage as much of the
information conveyed by each graph as possible.

To this end, a popular family of early approaches, many of which
were motivated by chemoinformatics (Todeschini and Consonni, 2008),
aim to embed graphs into fixed-dimensional vectorial representations by
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computing a set of hand-engineered features (also known as topological
descriptors). However, designing these features often proved to be a
daunting task, requiring substantial application-specific prior knowledge
and potentially depending on which statistical learning algorithm was
to be subsequently used to learn from the resulting vectorial represen-
tations. Moreover, the amount of topological information captured by
these representations was not only limited by the need to maintain
computational tractability, but also often in practice by the desire to
obtain a parsimonious representation of low-to-moderate dimensionality.

Crucially, the popularisation of kernel methods in machine learn-
ing (Scholkopf and Smola, 2002) provided a principled way to ameliorate
all of the aforementioned limitations. Put briefly, kernel methods repre-
sent objects by implicitly embedding them as elements of a reproducing
kernel Hilbert space by means of a positive definite kernel, which ex-
plicitly quantifies the similarity between any pair of objects and is
mathematically equivalent to the inner product between the correspond-
ing embeddings. This allows kernel methods to lift the wealth of existing
statistical approaches based on linear models for vectorial data to other
settings, such as non-linear modelling of vectorial data or, as is the case
for graphs, modelling of structured data for which a vectorial represen-
tation might not be available or might be too high-dimensional to use
explicitly. Moreover, they accomplish this while allowing to control the
capacity of the underlying model via regularisation (Hofmann et al.,
2008).

These aspects make kernel methods a great fit for machine learning
on graph-structured data, as evidenced by the almost two decades of
fruitful research on graph kernels' which we review in this manuscript.
Existing graph kernels mainly differ in (i) the type of substructures they
use to define the positive definitive kernel function that measures the
similarity between two graphs, and (ii) the underlying algorithm used to
efficiently evaluate this function. In this quest to construct increasingly
informative and more computationally efficient approaches to quantify

'In this monograph, by graph kernel we refer to a kernel function between two
graphs. Notice that the term graph kernels sometimes is also used to refer to the
different subject of kernel functions between nodes of a single graph (e.g. Kondor
and Lafferty (2002).)
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the similarity of graphs, research on graph kernels has led to algorithms
for supervised learning (Kriege et al., 2020), dimensionality reduction
(which can then be used to visualise graphs in a lower dimensional space)
(Lee and Verleysen, 2012), and clustering (Aggarwal and Wang, 2010).
Moreover, in doing so, the literature on graph kernels has produced
a great amount of empirical results characterising the usefulness of
different representations for graph-structured data in distinct applica-
tion domains, which we exhaustively gather, reproduce and analyse.
These experimental observations might not only pave the way to the
development of novel graph kernels, but might also be of further use
in the emerging field of graph neural networks, many of which can be
understood as natural extensions of certain graph kernels in the context
of representation learning (Xu et al., 2019).

Before proceeding, we would like to mention two other recent graph
kernel surveys and highlight how our review is different. Kriege et al.
(2020) provide an excellent narrative overview of existing graph kernels;
we additionally provide an in-depth description of the kernels. Their
review is a good starting point for a researcher looking to understand the
landscape at a high-level or looking for a reference on which graph kernel
paper to read. Nikolentzos et al. (2019) provide more details about the
kernels discussed; we additionally provide a conceptual categorisation
of the kernels. Unlike these two reviews, our survey discusses trends
and emerging topics in the field. Hence our review contributes to the
literature in that it provides an in-depth description, categorisation and
empirical comparison of graph kernels and gives a detailed outlook to
the future of the field.

This review is divided into two parts: the first part focuses on the
theoretical description of common graph kernels. After a short general
introduction to graph theory and kernels in Chapter 2, we provide a
detailed description, typology, and analysis of relevant graph kernels in
Chapter 3. We take care to expose relations between different kernels
and briefly comment on their applicability to certain types of data. The
second part in Chapter 4 focuses on a large-scale empirical evaluation
of graph kernels, as well as a description of desirable properties and
requirements for benchmark data sets. We conclude our review with
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an outline of future trends and open challenges for graph kernels in
Chapter 5.
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