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Introduction to The Policy Evaluation Problem

In this part, we introduce various RL algorithms that are developed
based on value functions of states and actions. These RL algorithms
aim to address the RL problem in the formulation I, and they are
based on classic theories on MDP and Bellman type equations [36], [37],
[39]. Specifically, we focus on the policy evaluation problem under the
formulation I, which aims to learn the state value function associated
with a given policy.

Recall that we have defined the state value function V;(s), which
corresponds to the expected total reward that one can obtain by starting
from state s and following policy 7. This state value function plays a
fundamental role in RL, as both the formulations I and II are based on
it. In particular, one of the most fundamental question is the followng
policy evaluation problem.

Given a fixed policy , how to evaluate its state value function V. ?

We note that the above problem only aims to evaluate the value
function of a given policy, and it does not talk about how to improve
the policy. Nevertheless, as we show in later sections, policy evaluation
algorithms are widely exploited by many policy optimization algorithms.

18
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There are many algorithms for solving the policy evaluation problem,
and they generally fall into two major categories that adopt different
settings. Specifically, the first class of algorithms consider the setting
where the transition kernel P of the environment is known and accessible,
and the algorithms are based on the Bellman type equations. Other
algorithms consider the complementary setting where the transition
kernel P of the environment is unknown, and these algorithms utilize
stochastic samples drawn from the MDP to iteratively learn the value
function. Next, we provide a comprehensive introduction to both classes
of policy evaluation algorithms.
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Policy Evaluation with Known Transition Kernel

We first consider the scenario where the transition kernel P of the
underlying environment is known a priori. This usually requires a good
knowledge and modeling of the dynamic environment. In this case, by
definition of the state value function, we can rewrite it as follows.
Va(s) = E[To +yr1 + 727"2 + |8 = s, 7r]
=E[ro +(r1 +yr2+ - +)[s0 = s, 7]
= ]E[To + /}/VW(Sl)‘SQ = s, 7T]

=Y P(s'|s,a)m(als)(r(s,a,8') +Va(s)),

where the third equality uses the definition of state value function
starting at s;, and the last equality expands the expectation over the
randomness of ag, s1. Therefore, we obtain the following fundamental
so-called Bellman equation for state value functions.

(Bellman equation and Bellman operator):
Vals) = 3_P(s'ls. a)m(als) (r(s, a. ) + yVals))) = ToVa(s)

For simplicity, we define the right hand side of the Bellman equation as
an operator T, applied to the state value function V;(s), and we call it

20
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the Bellman operator. It can be seen that the state value function is
essentially a fixed point of the Bellman operator T, and in fact it is
the unique fixed point. Moreover, the Bellman operator T is a linear
operator that requires the knowledge of the transition kernel P. Based
on these observations, the following classic algorithms can be applied
to solve the above equation for the state value function.

e Solving the linear equation. Since the Bellman equation is a linear
equation, we can directly solve it by computing a proper inverse.
However, this requires high computation complexity;

o Value iteration. Viewing the Bellman equation as a fixed point
equation, we can apply iterative fixed point updates to compute
the value function. Specifically, starting with any V{(s), we update
it iteratively as

Vie1(s) = ToVi(s), Vs.

It can be shown that T, is a contraction operator and therefore
the above fixed point iterations converge to the true value function
at a linear convergence rate [30].

The above methods can effectively learn the state value function
given full knowledge of the transition kernel. However, in most cases, it is
not possible to have such full knowledge, nor do we have a perfect model
of the environment. This further motivates us to develop model-free
approaches for policy evaluation.
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Model-Free Policy Evaluation Algorithms

In this section, we consider the complementary setting, in which we do
not assume access to the environment transition kernel P. Instead, we
let the RL agent interact with the environment and collect samples from
the MDP to learn the state value function. There are many model-free
algorithms developed for policy evaluation, and they can be categorized
into two categories based on the samples used: on-policy TD learning
algorithms and off-policy TD learning algorithms.

5.1 On-Policy TD Learning

We first consider the on-policy setting. To elaborate, let m be the policy
of which we want to evaluate the state value function V. Since we do
not have any knowledge of the environment model, we follow the policy
7 and interact with the environment to generate a trajectory of samples
queried from the MDP. Such a trajectory of samples is referred to as
the on-policy data, which means that the data is generated by following
the target policy m. We formally define it as follows.

Definition 5.1 (On-policy data). Let 7 be the target policy to be evalu-
ated. Then, the MDP samples {s, at, rt, S¢+1}52 collected following m
is called on-policy data.

22
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We note that on-policy data must be collected under the target
policy 7. In particular, these samples are usually not independent as
the transition of the states are based on the action generated by the
policy and the underlying transition kernel. As we discuss later, such
data dependence is a key challenge for analyzing the convergence of
model-free policy evaluation algorithms. Next, we introduce several
popular model-free algorithms for policy evaluation in the on-policy
setting.

5.1.1 On-Policy TD(0) Algorithm
Recall the following Bellman equation for the state value function.
Ve(s) =E[r(s,a,s") +vVr(s)].

Note that the expectation involves the transition kernel, which we do
not have access to in the model-free setting. One simple idea is to
leverage the on-policy data to approximate the above expectation and
perform fixed point type updates. Specifically, suppose we start with
an initialized value function V. Then, for every on-policy data sample
(St,at, 7, St41), we can use 1 + vV (s¢441) to approximate the above
expectation and perform the following update.

Vi(st) =71¢ + 7V (s¢41)
—— ——
target

This makes sense because s;11 is a realization of the follow-up state of
s¢. We refer to the quantity . + vV (s¢4+1) as the ‘target’ for the current
state value V'(s;). The classic on-policy TD(0) algorithm is essentially a
damped version of the above update, as shown in the following equation,
where 0 < 7 < 1 is a learning rate hyperparameter.

TD(0): V(st) =nV(st) + (1 —n)(re + vV (st41))
=V(st) +n(re + 7V (s¢41) — V(s¢))

temporal difference (TD)

The update quantity 7, +~V (s¢+1) — V (s¢) is referred to as the temporal
difference, i.e., the difference between the target r; + vV (s141) and the
current estimate of the value function V(s;).
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5.1.2 On-Policy TD(A) Algorithm

The target ¢ + vV (s¢41) used in TD(0) is based on one follow-up state
transition, which usually results in a high variance estimation. TD(\)
[39] further improves the TD(0) algorithm by leveraging multi-step
state transitions to form the target. Specifically, consider the following
generalized n-step target

GE") =T+ 1 "V (St4n).

It can be seen that G,(fl) reduces to the target used in the TD(0)

algorithm. Then, in TD(\), we use a linear combination of n-step targets

with geometric decaying coefficients to form the following G7-return,

which is used as the target in the temporal difference term.

TD(): V(s:) = V(s:) + (G2 = V(s1)), where G =(1=X)> A"'G{".

n=1

By leveraging the n-step targets over more state transition samples

queried from the on-policy data, TD(A) can effectively reduce the

variance in its stochastic updates.

5.1.3 TD learning with Function Approximation

When we implement the aforementioned TD learning algorithms, we
need to keep a table V(+) for the state value function whose size equals
the cardinality |S| of the state space. This can be costly in both compu-
tation and storage aspects for many practical applications that have a
large or even infinite state space. To address this curse of dimensionality
issue, an effective and widely used technique is function approximation,
i.e., we can use proper parameterized models to track and approximate
the state value function. In particular, the following three types of
parameterized models are popular choices in both theory and practice.

e Linear model. We model the value of any state as a parameterized
linear function Vy(s) = ¢] 6, where 6 is the model parameter (to
be learned) and ¢; is the feature vector associated with state
s (fixed and pre-specified). Normally, the feature vector ¢y is
designed either by domain knowledge or generated via certain
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distribution (Gaussian), and its dimensionality is much smaller
than that for encoding the original state s.

o Neural network model. Since the state value function can be
highly non-linear in the high dimensional state space, it is natural
and motivating to exploit the great expressive power of modern
neural networks (NN) to approximate it [35], [41]. Specifically,
the state value function is modeled as Vy(s) = NNy(s), where
NNy denotes a general deep neural network with parameter 6. It
takes the (encoded) state s as the input and outputs a scalar that
approximates the corresponding state value.

e General non-linear model. In recent years, there have been mod-
eling approach beyond the constraints of linearity and neural
networks to encompass a broader class of functions [28], [45]. Here,
we define the state value function as Vy(s) = fy(s), where fy
represents a general non-linear function parameterized by 6. This
structure considers the arbitrary smooth function approximation
and allows for greater flexibility in capturing complex relationships
within the state space, accommodating scenarios where neither
linear nor neural network models suffice.

When adopting function approximation, the updates of TD learn-
ing algorithms need to be adjusted. For example, consider the TD(0)
algorithm with function approximation. Suppose we start with an ini-
tialization 6y of the model parameters for the state value function Vj.
Then, in time ¢ we observe an MDP sample (s¢, a, ¢, S¢41) and define
the target Gy := ri + yVp,(st+1). To update the model parameters, we
define the quadratic loss £;(6) := %(Vg(st) - Gt)2 and consider applying
gradient descent to optimize it. This leads to the following TD(0) update
rule under function approximation.

TD(0) with function approximation:
Or+1 = 0y — 1gu(0:), where gi(0:) = (Vo(st) — Gi) VoVi(se).

It can be seen that the updates take place in the model parameter space,
as opposed to the state space in the standard TD(0) algorithm. Moreover,
the temporal difference term in the update g;(6;) is multiplied by the
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gradient term VgVp(s;) to transform the update into the parameter
space.

5.1.4 Analysis of TD(0) with Linear Function Approximation

In this section, we sketch the convergence analysis of the TD(0) algo-
rithm with linear function approximation. Although TD(0) with linear
function approximation is a simple and basic algorithm that has been
widely used for policy evaluation, understanding their convergence be-
havior turns out to be highly non-trivial due to several major challenges.
First, the TD update term g; corresponds to the gradient of a time
varying loss function ¢;, and such a non-fixed objective function makes
it hard to apply the standard analysis of gradient descent algorithm.
Second, unlike conventional stochastic optimization algorithms that use
ii.d. samples to compute the stochastic updates, TD(0) uses highly
dependent samples queried from the underlying MDP, which cause ad-
ditional statistical bias that needs to be quantified in the convergence
analysis.

Summary of existing work. The asymptotic convergence of TD(0) has
been extensively studied in earlier works by Benveniste et al. [3], Borkar
[5], Tadié¢ [40], and Tsitsiklis et al. [42]. In these studies, TD(0) was
shown to asymptotically converge to the true state value function, but no
convergence rate was established. Recently, the non-asymptotic (finite-
time) convergence of TD(0) was established in Dalal et al. [12] with i.i.d.
samples, and in Bhandari et al. [4] and Srikant et al. [34] with dependent
Markovian samples queried from the MDP. In the following discussion,
we sketch the key technical proof of non-asymptotic convergence of
TD(0) with dependent Markovian samples developed in Bhandari et al.
[4].

Throughout, we consider the following variant of TD(0) with the
linear function approximation model Vj(s) := ¢] 6 in a finite state space
S. Here, the operator Ilg is a projection operator onto the Euclidean
ball with radius R > 0, which is to guarantee boundedness of model
parameters in the learning process.
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Ory1 = IR (0 + ng:(61)),
where g;(6;) = (r¢ + g, , 01 — b4,00) b,

As we elaborated before, one of the major challenge in the analysis
is how to deal with the dependent samples queried from the MDP.
To address this challenge, Bhandari et al. [4] considered the following
geometric mixing property of the Markov chain associated with the
underlying MDP.

Assumption 5.1 (Geometric mixing). Denote p, as the state stationary
distribution associated with the MDP under the target policy 7. Then,
there exists k > 0 and p € (0,1) such that for all ¢ > 0,

supdry (P(st € |so = ), pir) < Kp',
SES

where dpy (P, Q) denotes the total-variation distance between the prob-
ability measures P and Q).

To explain, note that P(s; € -|sg = s) denotes the distribution of
state s; conditioning on the initial state sy, whereas u, is the state
stationary distribution under the target policy 7. Therefore, the above
property assumes that the state distribution in the future t time steps
converges to the state stationary distribution at a geometric rate, i.e.,
the more we look ahead, the closer we are to the state stationary
distribution. In particular, such an assumption has been shown to hold
for all irreducible and aperiodic Markov chains, which is the case for
many RL scenarios.

To proceed, assume we have in total n distinct states and define the
feature matrix ® := | ;rl; - ;(;S;';] where ¢, € R? corresponds to the
feature vector associated with state s. We assume that all the column
feature vectors are independent, i.e., ® has full column rank. Then, the
entire value table can be written as Vy := [Vp(s1);...;Va(sn)] = @6,
which is a linear model. It has been shown in Bhandari et al. [4] that
TD(0) with linear function approximation converges to the optimal
model parameter 0* that satisfies the following projected Bellman equa-
tion.

Ve = LT, Ve, where £ := {®z|z € RY}.

We first state the main theorem on the finite-time convergence rate.
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Theorem 5.1 (Finite-time convergence, [4]). Suppose Assumption 5.1
hold and choose learning rate n < (’)(ﬁ) for TD(0) with linear function
approximation. Then, after 1" iterations, it holds that

* * Tmix
E[lr - 6'17] < O exp(-cnT) oo — 0" + 5 2),

where ¢ > 0 is a universal constant and Tmix(n) := min{t | kp' < n} is
the mixing time of Markov chain.

The above theorem shows that with a constant learning rate, TD(0)
with linear function approximation converges to a small neighborhood of
the optimal model parameter * at a linear convergence rate. Specifically,
the radius of the neighborhood is proportional to the choice of learning
rate 17 and the mixing time 7y,ix(n) of the Markov chain. In particular,

a larger learning rate 1 would imply a faster linear convergence factor
Trnix("])
Tgix)
the mixing time Tyix(n) characterizes how fast the state distribution

P(s; € -|sgp = s) converges to the stationary distribution p, and affects

exp(—enT), but will lead to a larger convergence error 7 . Moreover,

the convergence error. In the extreme case where the samples are i.i.d.
generated from p, (i.e., the mixing time is zero), the convergence error
vanishes and we can achieve exact convergence.

Proof Sketch. Here, we provide a sketch of the proof to illustrate
the key technical steps. Recall the TD(0) update with linear function
approximation: 0;y1 = IIg(6; + ng:(6:)), where the TD update g;(-)
depends on the sample Oy = {s¢, at, 14, s¢+1} queried from the underlying
MDP. Then, we define the expected update g(0) := E[g;(0)], where E is
taken over the randomness of the sample O; ~ p,. By the update rule
of TD(0) and following some standard analysis steps, we can establish
the following key inequality.

E[|6r+1 — 0°[1”] <E[[16: — 6*|1°] = 20(1 = DE[|Ve, — Vo- D] (5.1)
+nE[(g:(0:) — 9(60),0: — 0*) | + O(?),  (5.2)
Bias ((0¢,0¢)

where || - ||p is a norm defined via a certain positive definite matrix
D, and it can be shown that E[||Vy, — Vp[|%] > o||6; — 6*||* for some
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o > 0. Therefore, in order to unroll the above inequality over ¢ and
establish the final convergence result, the key is to bound the bias term
C(0r,0¢) :==E[{g:(0r) — g(0¢), 0: — 6*)]. To elaborate, if the sample Oy is
sampled from the state stationary distribution pu, independently, then
we have P(O¢|0;) = P(O) = pr and therefore E[g.(6;)|0:] = G(6:), which
implies that the bias term ((6;,0;) = 0. However, in an MDP, the
sample O is actually correlated with the previous samples {Ok}}i_:lo and
therefore P(O|0;) # P(Oy) (note that 6; is generated by using previous
samples).

To bound the bias term ((6, O¢) with dependent samples, Bhandari
et al. [4] introduced the following de-correlation technique. To elaborate,
we first rewrite the bias term as the following summation series.

t—1

(01, 0t) = C(61—r,00) + Y (C(Bis1,00) = ((8;,01)).
i=t—T

In particular, by using the update rule, the last summation term

21 (C(Bi41,01) — ((65,0;)) can be upper bounded by G2nr for
some G > 0, and this bound can be controlled by choosing a proper
learning rate > 0 and hyperparameter 7 > 0. On the other hand,
the other bias term ((6;—,,O;) now involves 6;_,, which depends on
the samples that are observed before time ¢t — 7 — 1. By the geometric
mixing property of the Markov chain, the correlation between these old
samples and the sample O; diminishes geometrically with regard to 7,
and therefore the bias term can be effectively bounded as follows.

E[¢(0i—r, Or)] < 2|[¢]|oo sup dry (P(s¢|si—r = 5), 1) < 4G%kpT.

Substituting the above two inequalities into (5.2) and rearranging terms,
we can obtain a recursion on E[||6; — 6*||?], which derives the final finite-
time convergence rate via elementary calculation.

O

5.1.5 Connection to Linear Stochastic Approximation

Under linear function approximation, the TD(0) algorithm has a close
connection to the classic linear stochastic approximation (SA) algorithm.
To explain, the classic linear SA algorithm takes the following update
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(Linear SA) 9t+1 = et + T](A(Ot)et + b(Ot)),

where A(O;) is a matrix and b(O;) is a vector, both of which depend on
a certain observation O; from an underlying Markov chain. Then, the
TD(0) algorithm with linear function approximation can be rewritten
as the linear SA update by defining the following quantities.

Or = (s1,8041) "
A(Or) = — @5, (¢, — V5,.,)
b(O¢) = s,

Therefore, the TD(0) algorithm with linear function approximation
is a special case of the linear SA algorithm with Markovian samples,
whose convergence has been established using Lyapunov-type analysis
in Srikant et al. [33].

5.1.6 Variance-Reduced TD Learning

The variance-reduced TD learning is a variant of TD(0), addressing the
high variance issue inherent in standard TD learning methods. This
approach leverages techniques for variance reduction from SVRG [16],
resulting in more stable and efficient learning algorithms. Based on the
standard TD(0), the variance-reduced TD learning uses past information
to estimate the “full gradient” to reduce the variance as described as
follows: At the begining of each epoch m, the VRTD algorithm evaluates
the pseudo-gradient of a large batch data to estimate such “full gradient”.
Then for each iteration, it ultilizes the batch peudo-gradient to reduce
the variance of each stochastic gradient as

9m,t+1 = Hm,t + « (ngm,t (em,t) - gacjmyt (ém—1> + 9gm (ém—l)) (5-3)

Here, ¢,(0) := A0 + b, is the standard semi-gradient of TD-learning,
Im (ém_l) = ﬁ > w,eB,, Jri (ém_l) is the estimation of the “full gradi-
ent” using trajectory averaging, M and « are the batch size and the

learning rate, respectively.

Summary of existing work. The convergence analysis of variance-
reduced TD learning has been actively explored in Korda et al. [19],
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Mustafin et al. [29], and Xu et al. [47]. More explicitly, Xu et al. [47]
provided a detailed analysis of the non-asymptotic convergence of a
variance-reduced TD algorithm, establishing its superiority over tradi-
tional TD in terms of convergence rate and error reduction. It is worthy
mention that as pointed out by Mustafin et al. [29], without apply-
ing the variance reduction techniques, the standard TD learning may
achieve the sub-optimal convergence rate, and applying the variance
reduction technqgiue will fill this gap and achieve the minimax optimal
dependence on the factor ﬁ In the following discussion, we sketch the
key technical proof of non-asymptotic convergence of VRTD with i.i.d.
samples developed in Xu et al. [47]. To be adapted to the linear approx-
imation setting, the VRTD algorithm makes the following additional
assumptions compared to the convergence analysis of TD-learning:

Assumption 5.2 (Bounded feature). ||¢s]| < 1 for all s € S.

Assumption 5.3 (Non-singularity). The following matrix is non-singular

A=E, [Ps,a(7¢s¢; - ¢s¢z)]

Assumption 5.2 is sufficiently mild since all bounded features can
be normalized to 1. Assumption 5.3 ensures that the optimal parameter
0* = —A~'b exists and is unique. For convenience, in the convergence
analysis of VRTD, we assume the data sample (s, a) are directly sampled
from the distribution u, instead of following a stochastic process; the
main idea of VRTD algorithm is the same. Here, we re-state its main
theorem:

Theorem 5.2. Consider the VRTD algorithm in (5.3). Suppose Assump-

tions 5.2 and Assumption 5.3 hold. If the learning rate a < 8(1);7“‘7)2 and
the batch size M > %m, then for all m € N,
. 2 - 2
E U\em iy } < oy fo— 0 + Ota/a),
2,2 .
where C} := <4a(1 +7)? + 4(1+2)M +1) /\A_4a1(1+7)2 (with C1 < 1 by

appropriately choosing a and M).
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This convergence upper bound demonstrates that, with a judiciously
chosen learning rate o and batch size M, the VRTD algorithm linearly
converges to a neighborhood of the optimal parameters, with an error
order of O(7). Traditional convergence analysis of TD-learning, such
as that in Bhandari et al. [4], presents an error term of O(«), indicating
the necessity for a small learning rate to ensure convergence to a
desired approximation of the optimal parameters. In contrast, the
VRTD algorithm permits the use of a constant-level learning rate. By
choosing a sufficiently large batch size M, the algorithm can achieve
high-accuracy solutions without the need to diminish the learning rate.

Proof Sketch. We briefly introduce the main steps of proving this
theorem. Since the variance-reduction algorithm mainly focuses on the
gap between the optimal parameter 8* and the epoch-wise parameter
m, our first step is to bound the iteration within the m-th epoch. By
considering the decomposition of the last update (i.e. the M-th iteration
in the epoch), we have

||0m,M - 9*”2 :Ham,M—l + O‘(ngm)M (am,M—l) - grjm,IVI (ém—l) + gm(ém—l))
. 9*||2
=)0, ar—1 = %[> + 200,011 — 9*)T(gzjm,M (O, nr—1)

- gmjrn,,M (Gm—l) + gm(gm—l))
+ QQHQ-tjm,M (om,M—l) LI (ém—l) =+ gm(ém—l)”Q-
(5.4)

Since we target to solve the recursion for the inner loop iteration over
M, we aim to bound everything in the form of either |6, p/—1 — 6*]|* or
16, —6*||%. The inner product term contributes to the linear convergence
as

(em,Mfl - 9*)T (ngM,M (Hm’Mfl) - ngmyM (ém—l) + gm (ém—l))
< = AallOmpi—1 — 0% (5.5)

due the the negative definite of the matrix A7 + A which largest
eigenvalue is denoted as A4. The last term introduces the variance error:



Full text available at: http://dx.doi.org/10.1561/2400000045

5.1. On-Policy TD Learning 33

]E|:ngjm11\/f (em,Mfl) - ngmM (émfl) + dm (émfl) H2 | F’m,l\lfl:|

<A1+ ) E [[0mns—1 — 0|2 | Fmria] + 41 +7)°E [||e
+2E Mgm (Or1) — g (Bma) ||2 | Fm,M_l} : (5.6)

Summarizing them together and solving the iteration, we get

~ 1/M+4o¢ 1+
E[Hemi ch\,4—40¢2(1+72 H0

2a
Sy P [Hgm(m 1),g(m NRERE
(57)

w112
0°[[3 1 Fmo] <

The last term represents the variance error. It can be bounded as

e Mgm (1) =9 (s Fm,o} < % (D01 = 0°|* + D5),
(5.8)

where Dy = 2(1 +7)? and Dy =4 ((1 +7)*R% + r2,,,). The term dif-

ferentiate the VRTD algorithm from the standard TD-learning analysis.

Here, the variance error decreases as the batch size M increases. For

M =1, this analysis reduces to the standard TD-learning algorithm

and have a constant variance. Solving the iteration over m leads to the

final bound

~ " 2 2D20&
o[ (1= C1) (s — da(l + )2 M

(5.9)

_l’_

} <cm Hao—e*

O]

As highlighted in Mustafin et al. [29], the proof presented in Xu et
al. [47] deviates from the traditional convex optimization framework,
specifically regarding the convergence upper bound. The convergence
upper bound should linearly depend on the condition number of the
problem and SVRG algorithm should inherit this property. The derived
complexity from the previous theorem gives @(L) does not match

the optimal dependence (’)( ) This dlscrepancy has been addressed
with an improved technique developed in Mustafin et al. [29].
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5.2 Off-Policy TD Learning

In on-policy TD learning, the algorithm leverages the samples queried
by following the target policy m. However, this usually requires imple-
menting the target policy and interacting with the environment for a
long episode, which can be time-consuming and unrealistic in many
cases. In this section, we consider a complementary setting, i.e., the
off-policy setting, where we have access to the MDP samples generated
by following a certain fixed behavior policy m,. We formally define it as
follows.

Definition 5.2 (Off-policy data). Let m, be a behavior policy, which is
in general different from the target policy w. Then, the MDP samples
{st,at, 1, 5¢41}72 collected following m, is called off-policy data.

We note that off-policy data is collected under the behavior policy
mp, and therefore the data distribution is different from that collected
under the target policy 7. Hence, in the algorithm design for off-policy
TD learning, we must adjust the data distribution so that the learned
value function is associated with the target policy. On the other hand,
one may propose to apply the TD(0) with linear function approximation
to off-policy evaluation. However, it has been shown that there exists
simple examples for which this algorithm diverges in the off-policy
setting [2]. To summarize, special TD learning algorithms need to be
designed in the off-policy setting.

5.2.1 Gradient TD Framework for Off-Policy Evaluation

The gradient TD framework is a foundation for developing several
advanced TD learning algorithms for off-policy evaluation [37]. Consider
linear function approximation of the form Vjy(s) = ¢} # and recall that
the optimal 6* satisfies the projected Bellman equation Vi« = I1,T™ Vp-.
Then, it is natural to measure the quality of a parameter ¢ in state
s based on the square error (Vg — II;T™Vp)2. In the off-policy setting,
since the MDP data is collected following the behavior policy m, the
states that we visit follow the state stationary distribution pu; associated
with 7. Therefore, we can only evaluate the square error over the
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state stationary distribution uy, and this motivates us to consider the
following mean-square projected Bellman error (MSPBE) [37].

(MSPBE):  J(0) := Eqy, [Vo(s) — T T Vp(s)] .

Since the above objective function takes a quadratic form, it is natural
to consider applying gradient descent algorithms to optimize it over 6.
Specifically, define the TD error term &:(0) := ry + ’y¢5Tt L0 qﬁsTtG, then
the above MSPBE can be rewritten as

J(0) = By n[06(0) 0] "By (05100, ) ™ By [8(0) b, ),

where £, is taken over s; ~ p;, and E; is taken over the distribution
of the next state s;+1, which depends on sy, w(a¢|s;) and P(siy1|at, st).
However, the expectation E,, - is hard to approximate using samples,
because py is induced by the behavior policy m, while 7 is the target
policy that we do not implement. In order to approximate these expec-
tations using the off-policy data, we first rewrite the expectation into
the following weighted sampling form.

m(at|st)
m(ae|st)

(Importance sampling): E,, ~[6:(8)¢s,] = Eubﬂrb[ 515(9)@534,

where we define the ratio p; = 71:,(&'&))
ratio, which can be computed before hand given both policies 7 and .
In view of the importance sampling form, the expectation E,, r, now

as the importance sampling

involves only the behavior policy and therefore can be estimated using
the off-policy data (collected under the behavior policy). Then, we can
compute the gradient of the MSPBE as follows, where the expectation
is taken over up and 7.

5 VI(0) = E[pi(65, 1601 )0LE[00,01] Elpidi(6)0s,].  (5.10)

To apply gradient descent, we need to estimate the expectation terms
involved in the above gradient formula. However, as those expectation
terms take a product form, using a single set of samples to estimate all
of them will lead to a large bias. On the other hand, querying multiple
independent sets of samples is usually unrealistic. In the following two
subsections, we will introduce advanced two-timescale algorithm designs
that allow us to accurately track the product of expectations using a
single trajectory of off-policy data.
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5.2.2 GTD2 Algorithm for Off-Policy Evaluation

The GTD2 algorithm, first developed in Sutton et al. [37], [38], leverages
a two-timescale update design to decouple and estimate the product of
expectations involved in the gradient formula in (5.10). More specifically,
the main idea is to view the product of the last two expectations in
(5.10) as an auxiliary variable, i.e., w*(f) := E[gbstgb;—t]_lE[pt(St(O)qﬁst].
Then, the gradient of the MSPBE can be rewritten as

2 VI(0) = E[(dn, — 160)01]" (0). (5.11)

Interestingly, the auxiliary variable w*(#) turns out to be the solution
of the following special least-mean-square (LMS) problem.

(LMS):  w*(f) = argmin, E[¢] u — ptét(H)]2. (5.12)

Therefore, to estimate the expectation term in (5.11), we can use
off-policy data samples to approximate it. Moreover, to estimate the
auxiliary variable w*(#) in (5.11), we can apply online stochastic gra-
dient descent (SGD) to solve the LMS problem in (5.12) to obtain an
approximated solution. This constitutes to the following two-timescale
updates of the GTD2 algorithm.

(GTD2):  Oy1 = O; + cupe(ds, — Vhspsr)Psyrt,
w1 = wi + Bi(pide(0r)bs, — s, da, ).

To explain, in the first update, the term p;(¢s, —vs,., )Qﬁ;z approximates
the expectation term E[p;(¢s, — Vs, )@a,] in (5.11). Moreover, the
second update corresponds to an online SGD update that solves the
LMS problem. We also note that ay, 5y > 0 are learning rates, and
usually we set B; > «; so that the second timescale update adapts faster
than the first timescale update. Intuitively, this is because w; tracks
w*(0;) while ; keeps being updated.

5.2.3 TDC Algorithm for Off-Policy Evaluation

The TDC algorithm also adopts two-timescale updates and is similar to
the GTD2 algorithm, but it decouples the gradient formula in (5.10) in
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a slightly different way. Specifically, from the gradient formula in (5.11)
we obtain that

5 VI(0) = Elpu(0n, — 1651, )6 1" (0
= E[ptét(9)¢8t] —1E [pt¢st+1 @bsI]W* (9),

where the second equality leverages the definition of w*(6). The above
gradient formula also decouples the product of expectations. Therefore,
we can use off-policy samples to estimate the two expectations and then
use online SGD to track w*(#) as we did in GTD2. This leads to the
following two-timescale TDC updates.

(TDC) 0t+1 = et + atpt(5t(6t)¢st - 7¢St+1 QZ);CUJt),
w1 = Wi + Be(pide(0r)ps, — Bs,ba wr).

It can be seen that both GTD2 and TDC use the same second timescale
update to track the w*(#).

5.2.4 Analysis of TDC with Linear Function Approximation

To help understand the convergence behavior of two-timescale TD learn-
ing algorithms for off-policy evaluation, we provide a sketch of the
finite-time convergence analysis of TDC with linear function approxi-
mation. In particular, we consider the following variant of TDC, which
adopts two additional projection operations to avoid divergence of the
parameters.

01 = g, (0 + upr(50(01) bs, — Vspsr Ba,wt)),
wir1 =g, (i + Be(pee(01) bs, — b, Payr)).-

Here, Ry, R, > 0 are the radius of Euclidean balls. There are two major
challenges in the analysis. The first challenge is that the off-policy data
samples are correlated with each other, as they are queried from the
MDP induced by the behavior policy m,. The second challenge is that
the TDC has two updates that are intertwined with each other.

Summary of existing work. Two time-scale policy evaluation al-
gorithms such as TDC and GTD2 were first introduced in Sutton et
al. [37], [38], where the asymptotic convergence of both algorithms
with i.i.d. samples were established. Their non-asymptotic convergence
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rates were established in Dalal et al. [11] as special cases of a two
time-scale linear stochastic approximation (SA) algorithm. Recently,
the non-asymptotic convergence analysis of TDC and two-time scale
linear SA over Makovian samples were established in Xu et al. [48] and
Kaledin et al. [17], respectively.

The finite-time analysis of TDC in the off-policy setting is based on
the following two key assumptions.

Assumption 5.4 (Geometric mixing). Denote p;, as the state stationary
distribution associated with the MDP under the behavior policy 7.
Then, there exists £ > 0 and p € (0, 1) such that for all ¢ > 0,

supdry (P(st € +|so = s), ) < Ko,

sES
where dpy (P, Q) denotes the total-variation distance between the prob-
ability measures P and Q.

Assumption 5.5 (Non-singularity). The following matrices are non-
singular

A=Ey [ps,a(fwﬁs(l);r’ - ¢S¢;—)]v C:=-Ey [¢S¢;r]

These assumptions are critical for ensuring the convergence of TDC
in the off-policy setting. As introduced in the previous section (Assump-
tion 5.1) The geometric mixing assumption gives that P(s; € -|sg = s),
the distribution of state s; conditioning on the initial state sg, converges
to the stationary distribution u, at a geometric rate. The non-singularity
assumption guarantees that the optimal parameter §* = —A~!b for
b= E,, x[ps, ar(s,a,s")ps] is well-defined and all feature vectors are
linearly independent.

Under these assumptions, it has been shown in Xu et al. [48] and
Kaledin et al. [17] that TDC with linear function approximation exhibits
a finite-time convergence behavior in the off-policy setting. We re-state
the main theorem as follows:

Theorem 5.3 (Finite-time convergence of TDC, [48]). Suppose Assump-
tion 5.4 and Assumption 5.5 hold and choose diminishing learning rate

o = (1%)0 and f; = (13173)” with 0 < v < o < 1 for some constant ¢,
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and cg. Let € and € be sufficiently small. Then, after T iterations, it
holds that

w2 —[2g|ca (tl—a_l) logt lOgt 1=
E||9t—6 ||2§O e 1-¢ + O +0 7+h(07y)

tO'
5 logt
Ellzellz < O =5 | + Oh(o,v))
e o> 1.5v
where h(o,v) =4 ¥ D<o <15y . Moreover, if 0 < v < 0 =
Py oy s L

1, there exists ¢, and cg such that

log t)? log 1=¢
Euat—e*uggo((og ) >+(’)<Ot%+h(1,u)>

t

This theorem demonstrates that the two time-scale TDC algorithm
with diminishing stepsizes converges to the optimal parameter 6* at a
rate depending on the choices of o, v for the two-time scale learning
rates. The convergence rate is influenced by the tracking error z;, which
is a unique aspect of two time-scale algorithms. The terms in the bounds
reflect the balance between the convergence rate and the accumulated
error due to the diminishing stepsizes. In particular, the tracking error
term h(o, v) captures how closely w; follows the stationary point ¥ (6;) =
—C~Y(b+ Af) at each step.

Proof Sketch. In this proof sketch, we outline the key technical steps
to demonstrate the convergence of the two time-scale TDC algorithm.
Instead of directly analyzing the convergence of {6;} and {w}, we
incorporate the tracking error z; into the TDC updates and reformulate
the analysis in terms of {6;} and the tracking error {z:} as shown as
follows:

Or+1 = Mgy (Or + ar (f1 (01, 01) + g1 (26, 04))),

241 = r, (2 + Be (f2 (61, 00) + g2 (21,00)) = C71 (b+ A8r)) +C 77 (b+ Abesr),

where
f1(0:,0¢) = (At - BtC_IA) 0 + (bt - BtC_lb) .91 (2, O) = Bz
f2(6:,0¢) = (At - CtC_lA) 0 + (bt - CtC_lb) 92 (2, Ot) = Cyzy

withe the observation at ¢-th time step Oy = (sq, at, ¢, St+1)-
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Then we derive preliminary bound on E||z]|3. We decompose the
mean square tracking error E| 2|3 into several components: an expo-
nentially decaying term, a variance term, a bias term, and a slow drift
term. Each of these components is then individually bounded, leading
to a preliminary upper bound on E||z||3 of the order O(1/t°~).

To obtain a tighter bound, Xu et al. [48] recursively substituting
the preliminary bound of E||z|3 into its own expression, particularly
focusing on the slow drift term, refine the decay rate to E|/z]|3 =
O(h(o,v)) as shown in the following bound:

logt
2
B4l < 0 (<5 + Ohiorn),
1
= > 1.5v
here h(o,v) ={ ¥ 7 f fiiciently small
where h(o,v) { t%}wie. y <o <15 loranysufficiently sma

constant € € (0,0 — v].

Lastly, we can derive the final bound on E||6; — 6*||3. The training
error E||0; — 0*||3 is decomposed into similar components as the tracking
error: an exponentially decaying term, a variance term, a bias term, and
a tracking error term. Each term is individually bounded. The decay
rate of E||z||3 and E||0; — 0*||3 are then recursively substituted into the
expression for the tracking error term. This process yields an upper
bound on the training error of the order O(h(s,v)'~¢). By combining
each of these terms, we obtain the final bound for E||6; — 6*|3 as stated
in Theorem 5.3. O

5.2.5 Mini-Batch and Variance-Reduced TDC

We further introduce two popular variants of the TDC algorithm with
linear function approximation. The first variant is the mini-batch TDC
algorithm analyzed in Xu et al. [46]. Different from the standard TDC,
mini-batch TDC uses a batch of M off-policy samples queried from
the MDP to generate one update in each iteration, as shown in the
following update rule.
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(Mini-batch TDC):

o, (FFOM=1
O =00+ Sr > piBil80)0s — Vs wn),
M i=tM
(t+1)M—-1
W1 = Wy + = Z (pidi(0c) s, — ¢Si¢l‘wt)'
M i=tM

The mini-batch updates help substantially reduce the variance of the
updates and therefore larger learning rates can be used. Moreover, in the
analysis of its convergence, we do not need to add the extra projection
steps as adopted in the standard TDC.

The second variant of the TDC algorithm with linear function
approximation is the variance-reduced TDC (VRTDC) [27]. As used in
the analysis of TDC, for the t-th sample xy = (s¢, at, ¢, S¢+1) and the
behavior policy 7, we define the following shortcut notations:

Ap = p(se, ar)d(se) (Yd(se1) — d(se)) ", by :=rep(se, ar)(se), (5.13)
By := —p(si,ar)d(ser1)d(s1) T, Cri= —o(s)d(si) ",

w(als)

o (als) is the importance sampling ratio. The VRTDC
algorithm iterates through m outer-loops, each involving M inner-loops.

where p(s,a) :=

In each m-th outer-loop, initial parameters Hém), w(()m) are updated from
Gm=1) p(m=1) " After querying M independent samples, batch pseudo-
gradients é(m), H™) are computed for inner-loop updates using the
SVRG scheme. The final parameters (™) %™ for each loop are the
averaged parameters from the inner-loops. Projections are applied in
updates to maintain parameters within predefined bounds, ensuring
stability and convergence. We note that the projection operators are
widely used in the literature, e.g., Bhandari et al. [4], Bubeck [9], Dalal
et al. [11], [12], Kushner [21], Lacoste-Julien et al. [22], Xu et al. [48], and
Zou et al. [49]. Throughout this section, we assume the radius Ry, Ry,
of the projected Euclidean balls satisfy that Ry > max{||Al||b||, [|6*||},
Ry > 2C ||| ]| Ro.

Since the TDC algorithm has the natural two time-scale structure,
the design of VRTDC also considers the variance reduction on both
parameters 6 and w:
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otill) — g, |:9(m) ta (Ggm) <6§7n)’w§7n)> . Gim) (é(mfl)7w(mfl)) +é(m))j| ’
(5.14)
wlf) =Te, [w™ 4 (£ (60, wf™) — 1™ (07D, 0070) 4 B,

where for a batch of M samples B,,, and

G = LS (4,007 b, + Baatm D)
M r€EB,

am = Z (4,007 4 b, + D).

IEBm

The convergence analysis of VRTDC relies on the same assumption
as the TDC algorithm, Assumption 5.4 and Assumption 5.5. We re-state
its main result as follows:

Theorem 5.4. Suppose Assumption 5.4 and Assumption 5.5 hold. For
the VRTDC algorithm with Markovian samples, there exists learning
rates «, 3 with 8 = O(a%) and the batch size M such that the output
of the algorithm satisfies

E§™ —¢*|* < O(D™ + M ™" + 5%),
where D € (0, 1) for the given selected learning rates and batch size.

Proof Sketch. The proof consists of the following three key steps:
First, we develop the preliminary bound for Zi\ial ||0§m) —6*||?. Denote
E o™ as the expectation conditional on Hém). Let O(f(a, M)) represent
some variable C - f(a, M) for some constant C. Then there exists
learning rates «, 8, and the batch size M such that

M—-1
By 3 1087 — 672 SO~ + a6 — ¢°|* + O(1)
t=0

+ OBy 2™ + O(@M)E o |21,

This step bounds Y21 He(’” 0*||? in terms of .M 1 Hztm)HQ,
1207 1]?, and |60 9*H2-
(m)H2'

Second, we develop the preliminary bound for M1 ||z
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M-1

Zzeg@n)nzim)n <0< +BM + 55 >95m>||z<m*”u2+0<1>

B

+o(s+5 )(Z o 16 = 0°)

+ ME, 0 [0 = 6°)).
0

This step bounds Y21 Hzt(m)H2 in terms of Y M 16, (m) — 0%))?,
[20m=1]12, and ||§(™—D) — #*||2. Plugging it into the preliminary bound
of Y M1 ||9§m) —6*||?, we obtain an upper bound of 3M 1 ||9(m — 0|2
in terms of ||2(™=1||2, and [|6(™=1) — ¢*|2.
Lastly, we develop the final non-asymptotic bound for ||Z™|%.
1 12 1
5(m) |2 -2 5(0)112 il
BNl < (575 x) EIEOI+0(8 +52 +27)-
By plugging this bound into the previous upper bounds, we will ob-
tain a relation between E||§(™) — 6*|| and E||#(™1 — 6*||. Recursively
telescoping this inequality leads to our final result.
O
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