Full text available at: http://dx.doi.org/10.1561/2300000025

Mathematical Programming

Approaches for Multi-Vehicle
Motion Planning:

Linear, Nonlinear, and Mixed

Integer Programming




Full text available at: http://dx.doi.org/10.1561/2300000025

Mathematical Programming

Approaches for Multi-Vehicle
Motion Planning:

Linear, Nonlinear, and Mixed
Integer Programming

Pramod Abichandani

Drexel University, USA
pva230@drexel.edu

Hande Benson

Drexel University, USA
hvb22@drexel.edu

Moshe Kam

Drexel University, USA
kam@drexel.edu

NOow

the essence of knowledge

Boston — Delft



Full text available at: http://dx.doi.org/10.1561/2300000025

Foundations and Trends® in
Robotics

Published, sold and distributed by:
now Publishers Inc.

PO Box 1024

Hanover, MA 02339

USA

Tel. +1-781-985-4510
www.nowpublishers.com
sales@nowpublishers.com

Outside North America:
now Publishers Inc.

PO Box 179

2600 AD Delft

The Netherlands

Tel. +31-6-51115274

The preferred citation for this publication is P. Abichandani, H. Benson and M. Kam,
Mathematical Programming Approaches for Multi-Vehicle Motion Planning: Linear,

Nonlinear, and Mixed Integer Programming, Foundations and Trends“™ in Robotics,
vol 2, no 4, pp 261-338, 2011.

ISBN: 978-1-60198-722-8
© 2013 P. Abichandani, H. Benson and M. Kam

All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, mechanical, photocopying, recording
or otherwise, without prior written permission of the publishers.

Photocopying. In the USA: This journal is registered at the Copyright Clearance Cen-
ter, Inc., 222 Rosewood Drive, Danvers, MA 01923. Authorization to photocopy items for
internal or personal use, or the internal or personal use of specific clients, is granted by
now Publishers Inc. for users registered with the Copyright Clearance Center (CCC). The
‘services’ for users can be found on the internet at: www.copyright.com

For those organizations that have been granted a photocopy license, a separate system
of payment has been arranged. Authorization does not extend to other kinds of copy-
ing, such as that for general distribution, for advertising or promotional purposes, for
creating new collective works, or for resale. In the rest of the world: Permission to pho-
tocopy must be obtained from the copyright owner. Please apply to now Publishers Inc.,
PO Box 1024, Hanover, MA 02339, USA; Tel. +1-781-871-0245; www.nowpublishers.com;
sales@nowpublishers.com

now Publishers Inc. has an exclusive license to publish this material worldwide. Permission
to use this content must be obtained from the copyright license holder. Please apply to now
Publishers, PO Box 179, 2600 AD Delft, The Netherlands, www.nowpublishers.com; e-mail:
sales@nowpublishers.com



Full text available at: http://dx.doi.org/10.1561/2300000025

Foundations and Trends® in
Robotics
Volume 2 Issue 4, 2011
Editorial Board

Editor-in-Chief:
Henrik Christensen

Georgia Institute of Technology

United States

Roland Siegwart
ETH Zurich
Switzerland

Editors

Minoru Asada (Osaka University)
Antonio Bicchi (University of Pisa)
Aude Billard (EPFL)
Cynthia Breazeal (MIT)
Oliver Brock (T'U Berlin)
Wolfram Burgard (University
of Freiburg)
Udo Frese (University of Bremen)
Ken Goldberg (UC Berkeley)
Hiroshi Ishiguro (Osaka University)
Makoto Kaneko (Osaka University)
Danica Kragic (KTH)
Vijay Kumar (University of
Pennsylvania)

Simon Lacroix (LAAS)

Christian Laugier (INRIA)

Steve LaValle (UIUC)

Yoshihiko Nakamura (The University
of Tokyo)

Brad Nelson (ETH)

Paul Newman (Ozford University)

Daniela Rus (MIT)

Giulio Sandini (University of Genova)

Sebastian Thrun (Stanford)

Manuela Veloso (Carnegie Mellon
University)

Markus Vincze (Vienna University)

Alex Zelinsky (CSIRO)



Full text available at: http://dx.doi.org/10.1561/2300000025

Editorial Scope

Foundations and Trends® in Robotics publishes survey and
tutorial articles in the following topics:

e Foundations

o

[e]

[e]

Mathematical modelling
Kinematics

Dynamics

Estimation Methods

Robot Control

Planning

Artificial Intelligence in Robotics

Software Systems and
Architectures

e Mechanisms and Actuators

[¢]

o

o

o

[e]

Kinematic Structures
Legged Systems
Wheeled Systems
Hands and Grippers

Micro and Nano Systems

e Sensors and Estimation

o

[¢]

o

Force Sensing and Control
Haptic and Tactile Sensors
Proprioceptive Systems
Range Sensing

Robot Vision

Visual Servoing

Localization, Mapping and SLAM

Information for Librarians
Foundations and Trends® in Robotics, 2011, Volume 2, 4 issues. ISSN paper version
1935-8253. ISSN online version 1935-8261. Also available as a combined paper and
online subscription.

e Planning and Control

Control of manipulation systems

[e]

[¢]

Control of locomotion systems
o Behaviour based systems
o Distributed systems
o Multi-Robot Systems
e Human-Robot Interaction
o Robot Safety
o Physical Robot Interaction

[e]

Dialog Systems

[¢]

Interface design

Social Interaction

o

o Teaching by demonstration
e Industrial Robotics

Welding

[¢]

o Finishing

o Painting

[¢]

Logistics

o

Assembly Systems
o Electronic manufacturing
e Service Robotics
o Professional service systems
o Domestic service robots
o Field Robot Systems
o Medical Robotics



Full text available at: http://dx.doi.org/10.1561/2300000025

Foundations and Trends® in
Robotics

Vol. 2, No. 4 (2011) 261-338 n.w

(© 2013 P. Abichandani, H. Benson and M. Kam
DOI: 10.1561/2300000025 the essence of knowledge

Mathematical Programming Approaches
for Multi-Vehicle Motion Planning:
Linear, Nonlinear, and Mixed
Integer Programming

Pramod Abichandani,! Hande Benson?

and Moshe Kam?

1 College of Engineering, Drexel University, 3141 Chestnut Street,
PA 19104, USA, pva23@drexel.edu

2 College of Business, Drexel University, 3141 Chestnut Street, PA 19104,
USA, hvb22@drexel.edu

3 ECE Department, Drexel University, 3141 Chestnut Street, PA 19104,
USA, kam@drezel.edu

Abstract

Real world Multi-Vehicle Motion Planning (MVMP) problems require
the optimization of suitable performance measures under an array
of complex and challenging constraints involving kinematics, dynam-
ics, collision avoidance, and communication connectivity. The general
MVMP problem is thus formulated as a Mathematical Programming
(Optimization) problem. In this monograph, we present a Mathemat-
ical Programming (MP) framework that captures the salient features
of the general MVMP problem. To demonstrate the use of MP for the
formulation and solution of MVMP problems, we examine in detail
four representative works and summarize several other related ones.
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Following this conceptual discussion, we provide a step-by-step demon-
stration of how to formulate, solve, and experimentally validate an MP
problem that represents an MVMP. Finally, we discuss the advantages,
technical challenges, and limitations of this framework. As solution
algorithms and their implementations in solvers continue to develop, we
anticipate that MP solution techniques will be applied to an increasing
number of MVMP problems, and that the framework, formulations,

and experimental approach presented here may serve as a guide for
future MVMP research.
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1

The Future is Bright ... and Driverless

In 20112012, Google demonstrated autonomous ground-based mobil-
ity in an urban environment. By August 2012, the Google Driverless
Car, similar to the one shown in Figure had logged more than
300,000 miles in the state of California [I34]. Sebastian Thrun, the
lead developer of the car described the broader impacts of this technol-
ogy as follows, “we could change the capacity of highways by a factor
of two or three if we didn’t rely on human precision on staying in the
lane — improve body position and therefore drive a little bit closer
together on a little bit narrower lanes, and do away with all traffic
jams on highways” [132]. Recently, Newman and others at Oxford Uni-
versity have demonstrated driverless cars with similar capabilities [35].
Several states in the United States have already passed legislation that
allow driver’s licenses being issued to driverless cars [106].

During the same period, Kumar et al. demonstrated multiple
quadrotors operating in an indoor workspace and maintaining
formations that translate and rotate with time. This is an example
where multiple autonomous vehicles coordinate to achieve a collective
task [96].
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2 The Future is Bright ... and Driverless

Fig. 1.1 Google’s driverless car had logged more than 300,000 miles in the state of California
by August 2012.

These and many other developments are harbingers of a future
where multiple autonomous vehicles will become an all pervasive
concept with applications that improve our standard of living and
lifestyles. Such vehicles will lead to a reduction in the number of acci-
dents and commute times, and improved fuel efficiency. These, in turn,
will drive down the cost of public transportation, logistics, and supply
chain management, thereby allowing transportation of personnel and
goods to previously unreachable locations in record times.

While exciting, such autonomous vehicle-based applications come
with their own challenges. For example, vehicles may need to plan
their motions in real-time while in transit. This necessitates that the
autonomous decision making be dynamic and efficient. There are kine-
matic challenges as well, e.g., cars cannot slide sideways to parallel park
and a fixed-wing aircraft has a nonzero turn radius. Design limitations
such as finite battery and fuel capacity add to the complexity of the
situation.

Furthermore, if multiple vehicles are operating in a common
workspace (e.g., urban environments, highways, airways), some shared
knowledge of their behavior is important. To obtain this knowledge,
either one needs to have sensors or the vehicles need to communicate
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1.1 What’s in it for the Readers? 3

with each other or with central entities that update other vehicles with
the latest information about their intentions as and when needed.

The biggest challenges, however, will be the commercial viability of
such vehicles and adoption by the general public. Specifically, we need
to address issues of energy efficiency and safety.

e Efficiency requirements dictate that these vehicles use as lit-
tle fuel as possible, to travel as far as possible, as quickly as
possible.

e Safety requirements dictate that these vehicles be capable of
avoiding obstacles and not collide with each other.

Despite all these challenges, the current propensity of innovation in this
space points to a future that is indeed bright...and driverless!

1.1 What's in it for the Readers?

In the following discussions, the readers will be introduced to a rigorous
and systematic treatment of these challenges and a family of technical
approaches that will assist in addressing them. Specifically, we will
ground our discussions in the idea of mathematical programming as
applied to Multiple-Vehicle Motion Planning (MVMP) and present the
material in the following order:

® In Section |2 we start by formally defining the MVMP prob-
lem and its most common variants, such as path planning,
trajectory planning, and path coordination problems. We
then present the basic elements for modeling MVMP sys-
tems in detail. These elements include vehicle kinematics,
dynamics, path primitives, and communication models. We
also provide an introduction to the mathematical program-
ming framework that will be used to model MVMP problems,
relevant solution algorithms, modeling environments, and
solvers.

e A general MP based framework that captures the salient fea-
tures of MVMP problems is introduced in Section[3] We start



Full text available at: http://dx.doi.org/10.1561/2300000025

4 The Future is Bright ... and Driverless

this discussion with a review of existing literature of MVMP
using MP by focusing on four representative papers that best
demonstrate the application of this framework to a range of
MVMP scenarios. Each of the four papers provides various
model components, which are presented in great detail. Key
analyses performed in these papers have been independently
derived and presented in the Appendices.

e In Section [4] readers are provided a step-by-step demonstra-
tion on how to formulate and solve a distributed MVMP
involving autonomous unmanned ground vehicles operating
in an indoor environment under communication connectivity
constraints. Experimental approaches utilized in the litera-
ture to validate MP based MVMP formulations are docu-
mented.

e Finally, in Section [5] we discuss the technical challenges and
limitations of this framework and present future directions
of this research.
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