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ABSTRACT

Accurate phase extraction from sinusoidal signals is a crucial task
in various signal processing applications. While prior research
predominantly addresses the case of asynchronous sampling with
unknown signal frequency, this study focuses on the more specific
situation where synchronous sampling is possible, and the signal’s
frequency is known. In this framework, a comprehensive analysis
of phase estimation accuracy in the presence of both additive and
phase noises is presented. A closed-form expression for the asymp-
totic Probability Density Function (PDF) of the resulting phase
estimator is validated by simulations depicting Root Mean Square
Error (RMSE) trends in different noise scenarios. This estimator
is asymptotically efficient, converging rapidly to its Cramér-Rao
Lower Bound (CRLB). Three distinct RMSE behaviours were
identified based on SNR, sample count (N), and noise level: (3)
saturation towards a random guess at low Signal to Noise Ratio
(SNR), (ii) linear decrease with the square roots of N and SNR at
moderate noise levels, and (#4) saturation at high SNR towards
a noise floor dependent on the phase noise level. By quantifying
the impact of sample count, additive noise, and phase noise on
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phase estimation accuracy, this work provides valuable insights
for designing systems requiring precise phase extraction, such as
phase-based fluorescence assays or system identification.

Keywords: Spectral estimation, phase estimation, synchronous sampling, Fou-
rier analysis

1 Introduction

Spectral estimation plays a critical role in signal processing by characterising
a signal’s spectral attributes, including amplitudes and phase shifts. This topic
has gathered considerable research interest for decades due to its numerous
applications in various fields, such as telecommunications, radar, seismology,
and power grid analysis [23, 29, 33, 24]. In the general case, the frequencies
of interest f; of the signal under study are a priori unknown. Thus, it is
exceedingly unlikely that given a sampling frequency fs and a sampling length
N, the numbers f;-N/ f, are integers. This condition—known as “asynchronous
sampling”—leads to the infamous picket fence and spectral leaking effects [12],
which may be mitigated by an appropriate windowing function choice [30], the
use of all-phase Discrete Fourier Transform (DFT) [38, 14], or both [34], for
example.

There are certain cases, however, for which the signal under study is purely
sinusoidal with a known frequency. This scenario arises when characterising
linear systems, which may be fed a sinusoidal excitation signal of known
frequency, amplitude, and phase, while recording their output. The analysis
of the attenuation and phase shift induced by the system at hand can then
yield useful information. For instance, in the context of frequency-based Dual
Lifetime Referencing (f-DLR) [17], the phase shift between a fluorescence
excitation signal of known frequency and the re-emitted one can be used to
accurately measure the concentration of a variety of analytes [37, 1, 32, 35].
In this situation—known as “synchronous sampling”—the number of samples
taken, as well as the sampling and excitation frequencies f and f,, can be
chosen so that f-N/fs is an integer, which suppresses the above-mentioned
deleterious effects [12, 10].

Yet, as far as we are aware, no comprehensive study has been conducted to
characterise the achievable accuracy of phase estimation in such a synchronous
sampling scenario. In this paper, we present theoretical developments leading
to a closed-form expression of the asymptotic Probability Density Function
(PDF) of the phase estimate of a noisy sinusoidal signal in the presence of
both phase and additive noises. The presented derivations are supported
by simulations results, showing the resulting phase Root Mean Square Error
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(RMSE) at different noise levels. We then show that the derived phase
estimator is asymptotically efficient with a fast convergence. Finally, we
discuss its asymptotic behaviour in the case of very high or very low noise
levels and sample numbers.

2 Problem Formulation

In the remainder of this document, the objective is always to retrieve the
phase ¢ of a real discrete signal of length N defined as

Tn kG (070':%)
+ +pn> +an, with { p, % N(0,02) (1)
n € [0;N —1]

2. forn

Sy = Ag-cos [ ————
(=7

with fy the frequency of the signal itself, fs its sampling frequency—always
chosen such that f, > 2-fy, the Nyquist frequency—and A, its amplitude.
The x,, and p,, random variables—of variances o2 and o, —represent additive
measurement noise and sampling-induced phase noise, respectively. Of note, it
is also considered that A4 and ¢, though unknown, remain constant throughout
the acquisition duration N/fs. A representative illustration of the issue at
hand, involving most of the parameters introduced above, may be seen in
Figure 1.
Typically, in an f-DLR sensing scheme, A; and ¢ would correspond to:

1. the intensity of the collected light: a function of the quantum yield of the
involved fluorophores, of their concentrations, and of the illumination
and light collection parameters, and

2. the phase shift: function of the ratio of the different fluorophores species,
conveying the concentration of the analyte of interest.

Hence, it is of particular importance to accurately estimate ¢, and to
characterise the influence of o, 0, and N on its RMSE, since it will directly
influence the reachable accuracy on the measurement of a given analyte’s
concentration.

In the remainder of this article, we adopt the following notations: x,
refers to the n-th element of a given vector X, (JT is the transpose operator,
Oy and 1y stand for the zero and unit vector in RY, respectively, R(z) and
$(z) stand for the real and imaginary parts of a given complex number z,
while |z| and arg(z) stand for its modulus and argument. = means “per
definition”, O is the complex conjugate operator, AV and CN stand for the
normal and complex normal distributions, respectively, and x 1L y denotes
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Figure 1: Temporal representation of the problem: the objective is to estimate the phase
 of an idealised sinusoidal signal of amplitude As (=@=) from a noisy measurement of the
latter (=#=). The noise originates from two distinct sources: (i) an additive noise &, which
makes the sampled signal depart from its ideal counterpart, and (74) a phase noise pn, which
randomly shifts the sampling times (===) in comparison to an ideal sampling at frequency fs
(= =). The symbol x denotes proportionality, not to be confused with the Greek letter alpha
(), used later on in this paper.

the independence between two random variable x and y. Finally, the Signal to
Noise Ratio (SNR) of the measurement is defined as

A3
SNR = 307 and SNRgp = 10-log;,(SNR) (2)

3 Characterisation of the DFT Distribution

This paper focuses on ¢ estimation through the study of the DFT of the
above-presented noisy signal. Indeed, we demonstrate in Section 4 that an
unbiased and efficient estimator of ¢—denoted as g—can be derived by taking
the argument of the signal’s DFT at frequency fy. In order to derive the PDF
of @, the PDF of this DFT must thus be known first.

To this end, let us first consider the k-th index of the N-points DFT of
the above-mentioned signal [7], i.e. its DFT at frequency fo:

N—-1
R
Dy = § Spe VTN (3)
n=0
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with k&, N, fy and fs chosen such that % = % (synchronous sampling hypoth-

esis). Let v = 27;7&]‘“ and

S0 g ePo 1
S1 T ehP1 e v
S = , X = , = , Uy = : (4)
SNfl l‘N*l e’i~pN71 ef’i~a-(N71)
Then Dy may be rewritten as
N-1
Dy =) spe " =UT-S (5)
n=0

_ Let also define SasS=5+X. Using Euler’s formula, each element s, of
S may then be expressed as

ot (T A otpn) 4 ot (BT o)
Sn = As

2 (6)
_ %. (cHemtotnn) 4 emitantetan)

The remainder of this section is organised as follows: the expected value
and variance of Dy are computed in Sections 3.1 and 3.2, respectively, while
its asymptotic PDF is derived in Section 3.3.

3.1 Ezxpected Value of Dy

The expected value of Dy is given by

E[Dy] = E[UI-S] + E[UI-X] (7)

Regarding E[UT-S],

>l
/N

hence
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We thus need to compute E[Z]. For a given p amongst p,, let us consider

E[e"?] first, and let [g: v~ e"”]. Then

+oo

m&ﬂ=Ew@ﬂ:/‘ 9(0)fy(v)dv

—00

(10)

thanks to the Law Of The Unconscious Statistician (LOTUS) [31], wherein
fp is the probability density function of p—mnamely a centred normal distribu-

tion of variance ag, see Equation 1—given by

1 -3y
Uy ————e 27
Io opV2m ]

We thus have

400 w2

; 1 — 2 tiw
o) = [ e
—0o0 p’ .

“+oo

q
”‘ws ¥

e
_ e
op V2T J oo

Using the change of variable v = h(v) with

2
iv Ip
<“P"/2_‘+ ﬁ) dv

hives 04 2
SN
we thus have du = Ui'%, with erfi being the imaginary error function,
o
2
. -2 +h(v) /2
E[e'?] = e lim / euz.ﬂdu
o'p.\/2.7r v—+00 —h(’U) 7
o2
e 7 é

2 [th)
— . 1. E— u = e
24 voteo o/ K ho) et du=c

h(v
:[erﬁ(u)]thgvi

=29

Back to E[UT-S], since

we thus have

= A B e TS
E[UI-S] = 75 (el-w.N.e—z fet¥eT. Z Uin>

(11)

(14)
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Noting that 2711\7:—01 u? ,, = 0 because e”>** is an N-th root of unity, comes
— ANN . e
EUI-S] = € fe 2 (17)
Regarding E[UT-X],
EUI-X]=UT-E[X]=0 (18)
——
=0n
Finally, the expected value of Dy comes to be
AgN i
E[Dy] = 5 etPe 2 (19)

3.2 Variance of Dy
The variance of Dy may also be calculated in a similar manner, starting

with

Var(Dy) = Var(UI-S) + Var (U-X) (20)
Regarding Var(UI-5),

Var(U]-5) = Var {é (ei-v.nyv.z +ee (U2)T z)]

B e
= %ﬁ (Nz: Var(z,) + Var <2n>>

n=0

We thus need to compute Var(z,), i.e. Var(e'?n).

s =8 ] o1

(22)
2 .
=1—e"% = Var(e '?)
as E[e™"P] = E[e¢*P]. Thus
~  N-AZ >
T. [ — A — e %
Var(U]-§) = = (1 e ) (23)
Regarding Var (UT-X),
N-1 N-1
Var (UT-X)= ZVar (UqnTn) = Z (E [|uanxn|2} — ‘E [Ua,nTn) ’2)
n=0 n=0
N1 (24)
=Y E[z2]=N-0?
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Finally, the variance of Dy comes to be

2

Var(Dy) = N- (“; (1-e) + 03) (25)

3.3 Distribution of Dy

Now that the expected value and variance of D are known, the next step is
to study its PDF. To do so, we focus on a reduced version of Dy—D y—defined
2:Dy

as DN = A.N> with

é E[EN] = Bp'eiw

Bp=e" ~
P Var(Dy) = 2+ (1- 82 + 5ix)

(26)

We then proceed in two steps: at first, the convergence in law of §R(l~) ~) and
%(5 ~) towards normal distributions is demonstrated. Then, the asymptotic
independence of the latter two quantities is shown. These two demonstrations
establish that Dy converges in law' towards a complex normal distribution
[18, pp. 540-559], which is a crucial requirement for the forthcoming develop-
ments (see Section 4). However, before delving any deeper into this two-step
demonstration, we can further simplify the issue at hand, observing that

~ 2UI-S  2UT-X

Dyv="4 N T 4.~ (27)
HN,_/ HN,_/
D, D,

Since X is stationary and ergodic, it readily follows that D, converges
in distribution toward a complex normal distribution [27, 4]. Since Dy and
151 are independent, the two above-mentioned steps thus only have to be
performed for D;.

38.8.1 Convergence in Law Towards a Normal Distribution

Let us consider the real part of 53
N—-1
Z cos (an) - cos (an + ¢ + py)

n=0
N1 (28)

2
=N Z Vi, with V,, = cos (a-n) - cos (an + ¢ + py,)
n=0

R(D.) = -

1Of note, convergence in law is sometimes also referred to as “convergence in distribution”
or “weak convergence” [36, p. 18].
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We will use Lyapunov’s Central Limit Theorem (L-CLT) to demonstrate
the convergence of >V, towards a normal distribution. To do so, we will first
show that there exists a positive 5 such that

NLHEOO s2+5 Z UV" EV "HQM} =0 (29)

TN
wherein s% = Zg;ol Var(V,,), and Var(V,,) = cos?(a-n)- Var(cos (t, + pn)),

=E(.2)-E(...)2

with t,, = a-n + ¢. Where

1 e 2% 2 1 2,
E(.2) =3+ € " cos(2t), and E(...)2 = e*aﬁ-“%() (30)
and thus
1 2:t,) _ 1 2-ty,
VaI'(Vn) = COS2(a.n). — + 6_012). M.e Ug _ —"_CL()
2 2 2
2
_cos éa n) (1 B efai) , (1 — COS(Q.tn)> (31)
- cos?(a-n) (1 B e’”§)2
2
Back to sy,

=N/2<¢>

2 2 2 2

) (1—@ "P) N- (l—e_"p)
> E ) > — 32
so > cos? (an) > 1 (32)

wherein (1) comes from the facts that cos?z = H%S(Q'I), and that e~ 2" is

an N-th root of unity (see Equations 16-17). Then, ¥6 > 0

<92+38
N-1

1
= 5 3 B[Va— BV < N N
Jg—— (JZ (1_8—05) )
(33)

Since V,, are independent and of finite variance, according to L-CLT, we thus
have

—Z V., — E[V, —>N(0 1) (34)

. d e
wherein — denotes convergence in distribution.



10 Dervieuz et al.

Hence, since R(D,) = 2. Zg:_ol Vi,

_ 4 9 N-1 9.5 2
R(D,) mN(N.;E[Vn],< NN> ) (35)

A similar train of thought can be followed to also demonstrate the asymptotic
normality of $(Dj).

8.3.2  Asymptotic Independence

Demonstrating the complex normality of 55 then only requires to demon-
strate that ®(D,) 1 I(Ds). To do so, it suffices to show that [28, Th.
4.5-1]:

(i) R(D,) and S(D,) follow a bivariate normal distribution, and that

(ii) Cov(R(Dy),S(Dy)) = 0.

Bivariate normality
V(a,b) € R? let

a- cos (an) + b-sin (a-n) (36)
= N -cos (an + ¢ + pn)

It can be shown—as was done in the previous section with %(55)—that
T also converges in law towards a normal distribution. Thus, by definition,

R(Ds) and S(Dy) follow a bivariate normal distribution.

Covariance
Let

C= COV(%(Es)v %(DS)) = E[%(DS)Q(DS)] - EPR(DS)]E[%<5S)] (37)

and Vn, ®,, = ¢ + p,. Then

N cos (ad) - cos (ol + ® N sin (a-m) - cos (ae-m o,
<Z <>N< +z>>,<z ( >N< + >)]

=0 =0

CL=E

N-1 :
_ Z (COS(OZ'I)'NSQIH(O"m) ‘E[cos(a-l + @) cos(arm + ©,y,)] )

1,m=0

(38)
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while

N-1 .
Cr = Z (cos(a~l)]~vszln(a-m) -E [cos(a-l + @;)] -E [cos(a-m + D,,,)] ) (39)

l,m=0
Since (py,) are independent, (®,,) are also independent and VI # m

E [cos(a-l + ®;)- cos(am + D,,,)] = E[cos(a-l + )] -E [cos(a-m + P, )]

(40)
The corresponding terms in C7, and Ci thus cancel out and
N-1
c=1 i E [cos? ?,)] -E 3,)?
=2 Z cos(aen)-sin(aen)- | E [cos?(an + @,,)] — E [cos(an + ®,)]
n=0
=Var(cos(a:n+®,))
(41)
Using Popoviciu’s inequality on variances to bound Var(cos(...)) yields
| Nl
C<—— |cos(an)| - |sin(a-n)| - Var(cos(...)) < — ——— 0 (42)
n=0\"1_/ T \j,l_/ N N—+4oco

Thus R(D;) 1L (D) asymptotically, and we finally demonstrated that

5s—and thus Dy—converges in law towards a complex normal distribution
with increasing values of N. This can be rephrased as

EN =x 4y
@~ N (1o = By cos(p), %) | ( 2 )

h =—|1- = 43
Yy~ N(Ny = ﬁp-sin(ap),a2) e N bt SNR )
zlly

8.8.8 Convergence in Practice

While this convergence is theoretically proven for N — +oo, its practical
validity was studied for relatively small values of N. To do so, simulations were
performed for SNRqg= 0..30 dB, 0, = 0.1..10°, N = 10..100. The multivariate
normality of R(Dy) and S(Dy) was tested using Henze-Zirkler test [13] on
2.103 l~)N outcomes. Their independence, was asserted using Hoeffding’s D
measures [11] between R(Dy) and S(Dy) using 10° Dy outcomes. In the
case of the Henze-Zirkler test, simulations were repeated ten times, and their
p-values—adjusted using the Benjamini-Hochberg correction [2] and combined
with Fisher’s method. The outcomes of these simulations were as follows.
Henze-Zirkler multivariate test revealed no deviation from normality for N
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values above 20 using a significance level of 0.05. Hoeffding’s D measures
between R(Dy) and S(Dy), on their part, were found to be below 10~% for
as little as NV = 20 measurement points, clearly demonstrating the practical
independence of the two random variables. These two tests confirm that the
convergence of Dy) towards a complex normal distribution is observed in
practice across a wide range of conditions, even for relatively small N values.
Of note, this fast convergence is again demonstrated in Figure 3, further below,
for as little as 20 samples.

4 Phase Estimation from the DFT

The phase ¢ of the signal S may be estimated by ¢ = arg(f)N). Of
paramount importance are thus the mean bias and RMSE of this estimator,
i.e. the two quantities

Elp—¢] and VE[(y—9)? (44)

In order to derive them, we can notice that @ = arg(xz + i-y), and focus on
the joint probability function of (z,y), given by

1
2-m-02

Then—thanks to the LOTUS—@’s mean bias (e = 1) and RMSE (a = 2)
may be computed using

.e_ﬁ'((x_l‘m)z"r(y_ﬂyy) (45)

flz,y) =

Ble—2)) = [[ ara(o+i9)" f(a.y) dody (16)

While direct numerical calculations are presented in Section 4.3, another
approach involving a switch to polar coordinates is first presented in the next
section, allowing an in-depth comprehension of the influence of noises by means
of meaningful illustrations.

4.1 Marginalisation in Polar Coordinates

A representation of the estimation of ¢ in the complex plane can be seen
in Figure 2. Naturally, different realisations of S would lead to different
Dy values. Since Dy follows a complex normal distribution, this translates
into the small black dots (-) whose repartition is characteristic of a bivariate
normal law, in the complex plane. This distribution is centred around its
mean—E[Dy]—of Cartesian coordinates (i, fty)c, represented as a large
black dot (e). Interestingly, this centre is distinct from its position in the

noiseless case, represented as a large blue dot (e), due to the e~ term in
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- CN(B[Dy), Var(Dy))
o owi(ir) (%),
oo ((2).00),

o on:(3Zr?) (7)
y=r-sing/ "\@/,

=
1
&
I

=N

=R(Dy)

Figure 2: A representation of the estimation issue at hand in the complex plane. The (O),
and (O) » subscripts denote Cartesian and polar coordinates, respectively. See the text for
further explanations.

E[EN], which is dragging the Dy distribution towards the origin. A given
BN realisation—depicted as a large red dot (e)—yields an estimation of ¢,
namely @.

Formally, the following change of variable from Cartesian to polar coordi-
nates may be performed:

R* x [0;2-7] — R?
F: <r) n <r-cos 9) and Jp(r,0) =r (47)

0 r-sin 0
wherein Jg is the Jacobian of F. Expressing f as a function of r and 0 yields
1 1 (2 )
T, 0) = e 202 '(7‘ —27Bp- COS(Q*LP)*F/BP)
f(r.9) 2702
1 _(r=8p- cos(0—¢))2+62- sin2(0—¢)

T 2m0?© o (48)
BZ sin (9 ©)
_ ¢ 277 e gtz (r=Byrcos(0—¢))?

2-m-02

Applying the above-mentioned change of variables, taking care to replace
dzdy by Jg(r,0)drdf in the integrand leads to the following expression for the
marginal density probability of § under ¢

//fxydxdy—//fr@ -r drdf (49)

(z,y)ER? reR*
0€0;2-7[
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and f can be marginalised with respect to r alone, leading to

_52 sin (8 @) +o00o

oo 2.02 (7‘75 - cos(6— ))2
980(9) £ /() f(971")'7‘ dr = %T'/T.e_%dr (50)
0

Go
Gy can be further decomposed into Hy and Ky, following

Ho

e _ (r=8p-cos(6—¢))?
G = [ (= Byroos(O - ) FE

0
—+oo

+Bp- cos(6 — <p)'/e oz (1= cos(0=2))" g,
0

Ko

And Hy and Ky can be explicitly calculated using appropriate change of
variables as

+oo —+oo
2 d 2 cos ©)
Ho = /t~e_2.t7dt =02 /dt (e Pl )dt = o2 P 2T (52)
—Bp- cos(6—p) —Bp- cos(6—)
and
“+o0 —+oo +oo
t2 (.t )?
Kg:/efmdt:/e <ﬁ0) dt:0~\/2ﬁ~/e*“ du
—Bp-cos(0—p)  —PBp-cos(0—¢p) _,@p.ic“;(”“;*”)
53)
0 (
_o,/ﬁ /’"du—a,/f erfc< BPM>
*ﬂp'mi(i/j)
| S ——
erfc(...)
and thus:

__p2cos (9 ®) 9
ge _ O' e ﬁ T 202 40 ﬂp \/j COS(G — gp)-erfc (-Bp Coi( \/—fp)> (54)

Finally, putting it all together leads to

/32 752 sin? (0—)

00(0) = e;; + By Cos(92.:2.7.0 707 vt <_5p cosg(ﬁf¢)) (55)
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ge(0) is represented in Flgure 3, along with the histogram of simulated @
values—i.e. arg(DN) values, Dy being computed from simulated S vectors.
9, (0) resembles a normal distribution which would have been wrapped around
the [0,2-7] interval—although it is not a wrapped normal distribution nor
a von Mises distribution strictly speaking (for further information on these
distributions, see Collett et al. [6, 22, 21]). As could have been expected
intuitively, the shape of g, () narrows as N or SNRqp increase, or as o,
decreases, as emphasised in the inset of Figure 3.

9y (0) (normalised)

T T |
0 60 120 180 240 300 360

0(°)

Figure 3: Normalised representations of g, (0) and of the histogram of simulated @ values
(108 draws, ©=60°). Main picture: N = 20, SNRqg=-10 dB and o, = 5°. The magnifying
glass clearly shows how the histogram of simulated @ is close to the analytic expression of
9gpo(0). Inset: N = 20, SNRqg=0 dB and o, = 1°.

4.2 Expressing the Error in the Polar Case

Since g, () is the probability density function to measure a phase shift
» = 6 given a true phase shift ¢, the mean bias and RMSE of the ¢ estimator,
may be expressed as

. (56)
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wherein err, () is the estimation error at a given polar angle 6, as represented
in Figure 4, and is defined as

erry,(0) = min (d, 2.7 — d) (57)
with d =0 — ¢ (mod 2-7), that is
erry(0) =7 — |7 — 0| (58)
'/" Ta
'l' (}9
' err
0
“\ L7

-
------

Figure 4: Illustration of err on the trigonometric circle: err always represent the minimum
angular distance between the true ¢ value and an angle 6.

It can also be demonstrated that the RMSE and bias are independent of
©, as could have been expected intuitively. Only the RMSE case is detailed
below, but a similar train of thought can be followed for the bias. Since the
square root function is bijective on R, we only have to demonstrate that

V(e,¢') € [0,2m[?

/ " erri(Q)-gg,(H)dH :/ " erri, (0)-9,(6)do (59)
0 0

Te T

Then, with the change of variable t =6 — ¢ + ¢/,

2-m—pt¢’
7, = / err2(t+ o — ¢')gp(t + o — )b (60)
7¢+¢/

Using the definitions of err and g comes

2-m—p+’
g, = / err2, (t)-go (t)dt

—p+’

0 ) 2.m—p4’ )
:/ errwl(t)-gg,f(t)dt—i—/o erry (t)-gyr (t)dt

—pte’

M
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Using the change of variable u = ¢ + 2.7, and since err and g are 2-m-
periodic,

2.7 2.

M, = erri,(u —2:7)- gy (u—2-m)du = / erri, (u)-gypr (u)du
2:m—p+p’ 2-m—p+p’
(62)
Leading to
2. —p4’ ) 2. )
Tp = / erry (t)-gyr (t)dt +/ ey (u)-gypr (u)du
0 2:m—ptp (63)

2.7
= /0 err?p, (t)-gp (t)dt = T

The RMSE is thus independent of ¢, and taking ¢ = 0 leads to err(9) = |0]
VO € [—m, 7], yielding finally

—+7
RMSE = / 0.g0(0)d0 (64)

—T

However, due to the complexity of go(6), we did not manage to derive a
closed-form expression of the RMSE in the general case, and used numerical
simulations to compute the latter as a function of o,—or, equivalently, the
SNR—0p,, and N.

The bias, on the other hand, can be readily computed since it can be shown

similarly that:
—+

EG-) = [ 9000 (65)
and since [0 — 0-go(0)] is an odd function, it follows that the bias is null and
that ¢ is an unbiased estimator of ¢, which further justifies its choice as
® estimator in the first place.

4.3 Numerical Calculation of the RMSE

Despite giving a better understanding of the issue at hand, and allowing
one to clearly visualize the influence of N, o, or o, on the probability density
function of p—as demonstrated by Figures 2 and 3—the polar coordinates
considerations did not give a closed form expression for the RMSE of @. The
latter may thus be calculated numerically using either Equation 46 (Cartesian
case) or Equation 64 (polar case):

1

1 4
RMSE = \///Rz arg (z + i-y)° - f(z,y) dedy = \//_ 02-90(0)do (66)
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While these two expression of the RMSE obviously yield the same quantity,
the Cartesian approach is much more computationally expensive than the
polar one, due to the double integration over the discretised, truncated R?
plane. Thus, all the results below were obtained using the polar approach.
The influence of both the SNR4qg—and thus o,—and the phase noise o, on
the RMSE is depicted in Figure 5. Simulated RMSE values were also added
to the latter figure, computed in a similar fashion to Figure 3. The closeness
between these simulated values and the theoretical predictions consolidates
the above-presented approach.

10% 3 op
10! E
o 3
CL;J) 100
= E
~ ]
101 E
4 N=1000, R >0.9999
1072 4 log; o (RMSE) = —5.00-10~2 - SNR +0.26
T T T I

T T T T
—50 —40 —30 —-20 —10 0 10 20 30 40 50
SNRgp (dB)

Figure 5: The RMSE on ¢ estimation as a function of SNR4qp for various o values. In the
absence of phase noise—i.e. the black, continuous line (—)—a linear regression can be per-
formed for SNRyg > —20 dB, yielding the displayed equation and associated determination
coefficient. As indicated, all calculations were performed taking N=1000 points. Simulated
values were computed using only 102 realisations so that some dispersion is perceivable.
Indeed, using 106 realisations as was done in Figure 3 led to marks indistinguishable from
the plain red line.

The evolution of the RMSE as a function of the SNRgp can be split into
three behaviours:

— At very low SNRyp values—i.e. below —30 dB—the RMSE saturates,
to reach approximately 100°. This corresponds to an exceedingly noisy
case, for which @ is basically no more than a random guess on [0; 2-7].
In this case, g,(6) converges towards a uniform distribution, and the
RMSE tends towards 7/+/3 rad (=104°), as shown in Section 5.1.

— At higher SNRy4p value and in the absence of phase noise—i.e. when
SNR4g > —20 dB and 0,=0—the RMSE follows a linear relationship
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with the SNR (or a log-linear relationship with SNRgp, as indicates
the equation on the graphic). In this case, g,(#) converges towards a
normal distribution centred around ¢, and the RMSE tends towards
1/v/N-SNR, as demonstrated in Section 5.2.

— Finally, when SNRgqg > —20 dB but the phase noise is significant—
typically above 0.5° in Figure 5—the RMSE becomes independent of
SNRgp at some point as SNRgp increases, and becomes a function of o,
alone. This latter case is developed in Section 5.3.

The influence of N on @ RMSE is presented in Figure 6. Starting with
the left part of the figure, while the three above-mentioned behaviours can be
observed irrespective of N value, increasing N by a factor m has two main
effects. First, it shifts the saturation threshold in case of extreme noise—i.e.
for SNRgp values in the [-50,-20] dB range—by a factor 10-log;,(m) (in dB)
to the left. Then, it divides the RMSE at higher SNRs—i.e. for SNRgp
values in the [-20,50] dB range—by a factor v/m'. Looking at the right part
of Figure 6, p RMSE appears to decrease linearly with increasing N values,
while increasing the SNR shifts the RMSE lines downwards.

10!

SNRas (dB)

102

10!

10°

RMSE (°)

107!

1072

\ \ \ \ \ T \\\HH\ T \\\HH\ T T T TTTTT
—40 —-20 0 20 40 102 108 10* 10°
SNRgs (dB) N

Figure 6: The RMSE on ¢ estimation as a function of SNRgqp and N, with o,=1°.

Of note, the reader should bear in mind that the SNRyp thresholds given
above, as well as the numerical values given below, are of course dependent on
N and A,. As a general rule, A, is considered unitary in all our simulations, and
N=1000 unless otherwise stated. Still, the same above-described behaviours
would be observed with different IV and A values, only the numerical values
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stated in our developments would be altered. Of note, o, values were also
deliberately chosen relatively high for the sake of illustration. In practice,
modern analogue-to-digital converters can feature phase noises in the [1072-
10~3]° range [16, 3].

Finally, Figure 7 depicts the evolution of § RMSE with o,,. Here, the
behaviour observed in Figure 5 can be examined from another perspective: at
low enough phase noise levels—i.e. when o), is below approximately 0.01°—the
RMSE is solely function of N and the SNR. However, as soon as o0, increases, it
starts to act as a noise floor, and increases the RMSE progressively. This effect
is particularly pronounced at relatively high N and SNR values, potentially
ruining an otherwise excellent accuracy, as can be seen in the left part of the
figure for N = 10° and SNRgg = 50 dB.

—1
107! = SNRap = 50 dB 1073 [N —10']
1072 S E— ;" i : .
EE e — 1 I
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107° 3 i ] R
% 'I | ""
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Fo-r = |—10%----10" 77T 20 - == 40
,77 """" 103"' 105 P I R N 30 === 50
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1072 107 10° 1072 107 10°
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Figure 7: The RMSE on ¢ estimation as a function of o), for various N and SNR values.

4.4 Estimation Efficiency

The efficiency of the performed estimation can be found by computing the
Cramér-Rao Lower Bound (CRLB) of ¢. The likelihood £ (gﬁ D N) of observing

Dy under a given g—hereafter noted L for the sake of conciseness—is given

by
1 (z—pz)?
L= ] == = 67
V202 (67)

z={z,y}
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The log-likelihood is then

2
log (£) = —log (2-m-0?) — Z Gop) (68)

A2
w2

and its first and second derivatives are given by

dlog (L) 1 Op,
— = 2= z) o= 69
b L g (69)
e 92 log (L [ 8 1 ou 2
A2 T 52 Z =) Azz - ( AZ) ] (70)
R o0

The Fisher information Z (¢) may then be derived as

~ 0% log (E)] 1 (aﬂz > ? Py
I(3)=-E|Z28 5 -~ “) B[] 2L
@ =555 - T (%) = 5E |

2
p

o2

Finally leading to

1 o?
(%) B3
The convergence of @ towards its CRLB is illustrated in Figure 8. ¢ appears

to be an asymptotically efficient estimator of ¢ with a fast convergence rate,
exhibiting 1—Efficiency values below 10~3 for as little as 1000 samples even in

the presence of strong noise (SNR=0 dB). As a remainder, the efficiency of an
unbiased estimator—which is the case for g—is defined as [28, p. 279]

CRLB = (72)

CRLB _ CRLB

Var(@) RMSE? (73)

Efficiency =

5 Asymptotical Behaviours of the RMSE

5.1 Saturation in Case of Excessive Additive Noise

For SNRg4p values below approximately —30 dB, the RMSE appears to
be converging towards approximately 100°—see Figure 5. This phenomenon
corresponds to an extremely noisy case, wherein the estimated ¢ value is no
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Figure 8: Asymptotical efficiency of @. o, was set to 1°.
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Figure 9: go(0) for different SNR4p values. For increasing SNR4p values, go(6) converges
towards a uniform distribution. N=1000, o,=0.

better than a random guess on the [0; 2-7] interval. In this case, go(#) converges
toward a uniform distribution as SNRgp decreases, as illustrated in Figure 9.
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Indeed, as SNRgp decreases, ¢ increases and we can make the following
approximation

LB Bes®) _petw 0)
_ 1 -2 | Ppooslh) gy g oo
go(0) = 5 & + e erfc( By > -

— 2-\/2-m-0 f .
ot —— < N————
—0 ~0
o—+oo
1
o—+4oo
) —— o
go o—+oo 2.

In other words, go(#) can be approximated by a uniform distribution on
the [—m, n[ interval. The Kullback-Leibler divergence between go(6) and a
uniform distribution can also be computed, and is presented in Figure 10. As
expected, the divergence decreases steeply with a decreasing SNRyp, further
confirming the above-mentioned convergence phenomenon.

03 T 1071 ;
= i
) 1072 3
° E
8 0.2 ]
g')o 103 =
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o] —60 —50 —40 —30
o 0.1-
K<
0.0 T T T T T
—60 —55 —50 —45 —40 —35 —-30
SNR4B

Figure 10: The Kullback-Leibler divergence between go(#) and a uniform distribution as a
function of SNRgp. The inset shows the same data on a logarithmic scale. N=1000, o,=0.

Subsequently the RMSE becomes

T
RMSE = /92%(19:% (75)
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hence the saturation behaviour observed for the RMSE at high o, values in
Figure 5. The 100° plateau value noted above simply comes from the radian to
degree conversion (7/+/3 rad~104°). That being said, contrary to the linear
case given in the next section, this saturation phenomenon is of little practical
interest since it corresponds to an extremely noisy case, which only yields
random guesses as phase estimation. It was thus only presented here for the
sake of completeness.

5.2 Linear Relationship With the SNR

The observed linear relationship between the RMSE and the SNR can be
explained by the fact that, for increasing SNR values, go(f) converges towards
a normal distribution, as illustrated in Figure 11.

1 —_—p =P
—go(0)
— 0.8 1 . ---- Gauss.
?;,3 . SNRgp =
= 0.6 ! . = -30 dB
g I ‘.‘ = -20 dB
2 : \ = 0 dB
= 04 | :
= I
A 1
A 0.2 !
|
0 I
T T T T T T T
—150 —100 —50 0 50 100 150
6 (°)

Figure 11: Normalised probability density functions: go(6) is plotted with its associated
simplified Gaussian model. For SNR4qp above —10 dB, go(#) becomes indistinguishable from
its Gaussian approximation. N=1000, o,=0.

Indeed, taking ¢ = 0 and high SNR4p values leads to an extremely narrow
go(0) function—as was already noted above in Figure 3—which is non-negligible
only for very small 6 deviations from zero. More formally:

~ Lo ~

(*) = Dn m E[Dy] (76)
~ P

(*) — 0= arg(DN) — m) 0
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wherein 22 and ©» denote convergence in mean square and convergence
in probability, respectively. By definition of the latter convergence, go(0) is
thus non-negligible only for very small deviations from zero with a non-null
probability. Under these conditions, and in the absence of phase noise, 8, =1
and o tends towards zero as SNRyp tends towards infinity. We can then make
the following approximation:

~62

X ~1
82 . 92 —~
e 2.2 B 2. sin”(0) cos(6)
0) = + P cos(f) e Pr T erfe [ =B,
90(9) 2. 2421 -0 \sﬁ—l Py o2
S—— ~1 —_——— 77
~0 <-1 (77)
~2
1 _ 62
~ —-¢ 202

V2T ~a.

Thus, for high enough SNR values, go(#) can be reasonably well approxi-
mated by a simple normal distribution of null mean, and variance ¢2. The
fast convergence towards this approximation is further illustrated in Figure 12,
wherein the Kullback-Leibler divergence and Bhattacharyya distance between
go(#) and its Gaussian approximation are represented as a function of SNRgp.
It appears that for SNRgp values above —10 dB, this distance becomes virtually
null (~ 107°).

— KL - - Bhat.

0.10
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Distance / Divergence
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0.004 e T — - -
T T
-30 —25 —20 —15 —10 ) 0
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Figure 12: The Kullback-Leibler divergence (KL) and Bhattacharyya distance (Bhat.)
between go(0) and its Gaussian approximation as a function of SNRqp. The inset shows
the same data on a logarithmic scale. N=1000, o,,=0.
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As a reminder, the Bhattacharya distance quantifies the closeness between
two distributions. Given two random variables P and @ with probability
density function p(z) and ¢(x) the Bhattacharya distance and Kullback-Leibler
divergence are defined as follows [15]:

(i) Bhattacharya distance:
n(P1Q) = ~1og ( [ te)a(o) ac) (78)
(#1) Kullback-Leibler divergence:

a1 (PIQ) = [ p(o) tog (zf”;) dr (79)

One may notice that the division by ¢(x) in dx; may be problematic
in case of numerical applications if ¢(x) is near zero. Such an issue can be
observed in Figure 12 for SNRgp values above roughly —8 dB: dg; cannot
be computed even using 64-bits double-precision floats, because the Gaussian
probability density function tends towards zero extremely fast as soon as 6
deviates from zero. This is the reason why the Bhattacharya distance was
introduced in the first place, so as to better cover the case of high SNRgp
values.

Subsequently the RMSE becomes

RMSE:\/ R (80)

r V27meo v N-SNR

hence the linear relationship observed in Figure 6 between log;,(RMSE) on
the one hand, and SNRgpg and N on the other hand. This result is especially
interesting for practical applications. Indeed, a SNRqg above —10 dB can
easily be reached in practice, ensuring the validity of the above-mentioned
Gaussian approximation for go(6), and the ensuing conclusions on the RMSE.
Of particular interest, if this condition is fulfilled, the expected RMSE
on the phase estimation can be directly inferred from N and the
SNR, using Equation 80. Still, one should bear in mind that this conclusions
holds only if 3, ~ 1, otherwise the developments presented in the next section
should apply.
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5.3 Saturation in the Presence of Phase Noise

When some amount of phase noise is present—i.e. 3, €]0;1[—and for
high enough SNR, the following approximation can be made, as was done in
Equation 77:

2 52
B e . (81)
V2o

Again, go(6) can be approximated by a simple normal distribution, but of
variance o2/ ,6’3, instead of o2 alone in the previous section. The convergence
towards a Gaussian is nearly identical with that presented in Section 5.2
and thus Figures 11 and 12 were not reproduced for the sake of conciseness.
Similarly to Equation 80 comes

o 1 1\

which, in case of high enough SNR—i.e. 1 — ﬁf, > 1/SNR—Dbecomes

90(6) ~

1 1
RMSE =~ N (ﬁ% 1) (83)

This result is also interesting because it provides a lower limit for the RMSE,
even at exceedingly large SNR values: the RMSE is ultimately limited by
the phase noise, which acts as a noise floor. This explains the saturations
observed on the right part of Figure 5 and 6: the lower limits reached by the
different curves with non-zero phase noises directly depend on their respective
op values, following Equation 83. Most interestingly, Equation 82 gives a
generic expression for the RMSE at reasonably high SNR values taking into
account the joint influences of: (i) the number of points N, (ii) the amplitude
of the phase noise—through 8,—and (%) that of the additive noise—through
the SNR.

6 Conclusion

This article presents a thorough analysis of the influence of additive and
phase noises on the accuracy of the phase measurement of a known-frequency
sinusoidal signal. More specifically, we focused on synchronous detection, a
measurement scheme for which the number of collected samples N on the
one hand, and the sampling and probing frequency fs; and fy on the other
hand can be chosen so that fo-N/fs is an integer. In this particular case, a
closed-form expression of the PDF of the phase estimate @ could be derived,
depending on N and on the levels of additive and phase noises—o, and oy,
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respectively. @ was also shown to be asymptotically efficient, with a fast
convergence towards its CRLB, even using a limited number of samples in the
presence of substantial noise levels.

When using the above-mentioned PDF to compute ¢ RMSE, three main
behaviours could be identified: (%) in case of excessive noise, the RMSE
saturates towards the random guess situation, (4) as the SNR increases, the
RMSE decreases linearly with the square roots of the SNR and N, and (74) as
the SNR further decreases, the RMSE saturates again, reaching a noise floor
caused by phase noise. While (i) is of little practical interest, (i) and (%) are
of major importance in practical scenarios, since they can tell the experimenter
whether lowering the RMSE should be achieved by taking more samples or by
increasing the SNR—e.g. by increasing the emission power. Indeed, in case
(#i), increasing the SNR is no use once the phase noise floor is reached, and
only taking more samples can yield lower RMSE values.

In addition to its theoretical significance, this paper is thus also of practical
value, allowing for informed decision-making when designing a phase-measuring
apparatus. In particular, in the context of f-DLR mentioned in introduction,
a compromise often has to be made between reducing the number of samples
and the illumination power—which preserves the involved dyes from photo-
bleaching, and saves power in case of battery-powered devices—and reducing
the RMSE by increasing the two latter parameters—at the expense of power
consumption, computing costs, and dye photobleaching. Of particular impor-
tance, we recently published a short communication demonstrating a real-world
implementation of {-DLR applied to Carbon dioxide (COsz) sensing [9]. In the
latter work, we validated the theoretical results derived in the present paper
in the case of a low phase noise and a relatively high SNR—i.e. Equation 80.

Finally, one possible limitation of this work resides in its simplified modelling
of phase noise. Indeed, phase noise—studied through its influence on the
power spectral density of a clock signal in the frequency domain [19], or by the
distribution of the jitter it induces in the time domain [26]—can result from
several phenomena that can be either purely random or partially deterministic
[8, Chap. 2-4]. While a thorough review on the origins and statistical properties
of phase noise is clearly out of the scope of this paper, and although some
oscillators do exhibit Gaussian phase jitters in practice [20, 25, 5], this may
not be the case in general [26]. As a result, future research could focus on
extending our work to address non-Gaussian and/or non-i.i.d. phase noise.
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